ADJUNCTIONS AND BRAIDED OBJECTS 
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ALESSANDRO ARDIZZONI AND CLAUDIA MENINI 



Abstract. In this paper we investigate the categories of braided objects, algebras and bialgebras 
in a given monoidal category, some pairs of adjoint functors between them and their relations. 
In particular we construct a braided primitive functor and its left adjoint, the braided tensor 
bialgebra functor, from the category of braided objects to the one of braided bialgebras. The 
latter is obtained by a specific elaborated construction introducing a braided tensor algebra 
functor as a left adjoint of the forgetful functor from the category of braided algebras to the 
one of braided objects. The behaviour of these functors in the case when the base category is 
braided is also considered. 
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Introduction 

Let i? be a braided bialgebra over a field k. This means that B is both an algebra and a 
coalgebra and these structures are suitably compatible with a braiding c:B®B^^B®BoiB. 
It is well-known that c induces a braiding cp on the space P — P{B) of primitive elements of B, 
see e.g. [Kh, page 4] in the connected case. It is natural to wonder whether this result remains 
true for braided bialgebras in a monoidal category 7W. Note that M. needs not to be braided, 
a priori exactly as the above braiding c needs not to be the evaluation of a braiding defined on 
the whole category of vector spaces. On the other hand it is also well-known that, under mild 
assumptions, the forgetful functor Q, : Alg^ — !> J\A from the category of algebras into M has a left 
adjoint T : M. ^ Alg^ given by the tensor algebra functor, see Remark 1.3. 

In this paper we prove that, under mild assumptions, the forgetful functor fisr : BrAlg^ — J> BrA4 
from the category BrAlg^ of braided algebras in M. to the category Br» of braided objects in 
J\A has a left adjoint TBr, see Proposition 3.1, which is induced by T. This is achieved by a rather 



technical tool which makes use of suitable morphisms c^ ' constructed in Proposition 2.7 by means 



of Lemma 2.6, where the Braid Category plays a central role. We also introduce a braided primitive 
functor Per '■ BrBialg_^ -^ Br^vj where BrBialg^ denotes the category of braided bialgebras in 
7W, see Lemma 3.3, We prove that this functor Per has also a left adjoint, namely the functor Tsr 
which is induced by the functor Tsr- 

Another problem is to investigate the case when the monoidal category A^ is braided. In this 
case one can also consider the category Bialg^ of bialgebras in M.. Moreover, the categories A^, 
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Alg^ and Tiialgj^ are related to their braided analogues by means of the functors 

J : M ^ Btm , JAig ■■ Alg^ -^ Br Alg_^ and Jsiaig : Bialg^ -^ BrBialgy^^ , 



see Prop osition 4.4. Using these functors we investigate the relation between T and T^r (Proposi- 
tion 4.5). We also show that Per gives rise to a primitive functor P : Bialg^ -^ Ai, see Proposition 
4.7. We prove that even this functor P has a left adjoint T (Theorem |4.9| ) which is related to the 
functor Tbi as in wW- 

In this paper we also investigate the behaviour of the primitive functors mentioned above when 
the base category changes through an arbitrary monoidal functors F : A^ — > A^'. This is done in 



Proposition 2.5, Proposition 3.6 and Proposition 4.10. 



The adjunctions considered above will be studied in connection with monadic decomposition of 
functors in a forthcoming paper where the particular cases when A4 or A^' are the category of 
vector spaces or the category of (co)modules over a not necessarily finite-dimensional (dual) quasi- 
bialgebra will be investigated. 

1. Preliminaries 

In this section, we shall fix some basic notation and terminology. 

Notation 1.1. Throughout this paper k will denote a field. All vector spaces will be defined over 
k. The unadorned tensor product <S) will denote the tensor product over k if not stated otherwise. 



1.2. Monoidal Categories. Recall that (see |Ka, Chap. XI]) a monoidal category is a category 



M endowed with an object 1 £ M (called unit), a functor ^ : M x M ^- M (called tensor 
product), and functorial isomorphisms ox^y.z ■ (A" (g) F) Z — >• X ® (F (g) Z), Ix ■ 1 ® AT ^ AT, 
rx : X (g) 1 — >■ AT, for every X,Y,Z in A4. The functorial morphism a is called the associativity 
constraint and satisfies the Pentagon Axiom, that is the equality 

{U ® aY^w,x) ° auy^w.x ° {au.y,w ® AT) = auy^w^x ° au^v,w,x 

holds true, for every U, V,W,X in A4. The morphisms / and r are called the unit constraints and 
they obey the Triangle Axiom, that is {V ® Iw) ° av,i.w = ry ® W, for every V, W in M.. 
A monoidal functor (also called strong monoidal in the literature) 

(F, 00, 02) -{M,®, 1, a, I, r) -> {M' ,®' , l', a', I', r') 

between two monoidal categories consists of a functor F : M. -^ M' , an isomorphism 02(t^; ^) • 
F{U) ®' F{V) -^ F{U ® V), natural in f/, F G M, and an isomorphism 0g : 1' -> F(l) such that 
the diagram 

{F{U) ®' FiV)) ®' F{W) -^ -^ F{U ® V) ®' F{W) —^ -^ F{{U ®V)®W) 

°F(Lf),F(V),F(W) F{o-UV,w) 

' F{U)®'<bJV,W) (b„(Uy®W) ' 

F(U) ®' {F{V) ®' F(W)) ^ F{U) ®' F{V ® W) — —^ F{U ® (F W)) 

is commutative, and the following conditions are satisfied: 

F{lu) o 02(1, U) o {^„®'F{U)) = I'p^u), F[ru) o ^^{U, 1) o (F([/)®'0o) = r'p^u)- 
The monoidal functor is called strict if the isomorphisms (J)q, 02 sue identities of A4' . 

The notions of algebra, module over an algebra, coalgebra and comodule over a coalgebra can 
be introduced in the general setting of monoidal categories. 

From now on we will omit the associativity and unity constraints unless needed to clarify the 
context. 

Let V be an object in a monoidal category {A4, Cg), 1). Define iteratively 1/®" for all n G N by 
setting V^° := 1 for n = and V"®" := F®("-i) ®V ioi n>0. 
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Remark 1.3. Let A^ be a monoidal category. Denote by Alg^ the category of algebras in Ai and 
their morphisms. Assume that A4 has dcnumerable coproducts and that the tensor products (i.e. 
M® (— ) : Ai ^ M and (— ) (g) M : Al — > M, for every object M in M) preserve such coproducts. 
By ImI Theorem 2, page 172], the forgetful functor 

n : Alg^ -^ M 

has a left adjoint T : M -^ Alg^. By construction flTV — ®„eNV^®" for every V € M. For every 
n £ N, we will denote by 

anV : F®" ^ nrv 

the canonical injection. Given a morphism f : V ^ W in A4, we have that Tf is uniquely 
determined by the following equality 

(1) QTf o anV = anW o /®", for every neN. 
The multiplication mQTV a-nd the unit uqtv are uniquely determined by 

(2) mnTV o {amV a„y) = am+nV, for every m, n g N, 

(3) UiiTV = "oV". 

Remark 1.4. The unit r/ and the counit e of the adjunction (T, J7) are uniquely determined, for 
allV^Ai and (yl, m^, u^) G Alg^ by the following equalities 

(4) rjV := aiV and Qe {A, niA, ua) o anA :— rn'^^ for every n G N 



for n > 2, m^ ^ = mA{m'^ ^ A). 



where m^ : A®" — ?> A is the iterated multiplication of A defined by m^ := ua, rriA '■= Idyi and, 
i'^^ = niAim'^ 

2. Braided objects 



Definition 2.1. Let (A4,(8), 1) be a monoidal category (as usual we omit the brackets although 
we are not assuming the constraints are trivial). 

1) Let V be an object in A^. A morphism c — cy '■ V (^ V —!■ V ® V is called a braiding 



(see [Ka, Definition XIII. 3.1] where it is called a Yang-Baxter operator) if it satisfies the quantum 



Yang-Baxter equation 

(5) (c (E,V){V(g) c) {c(g,V)^{V(E> c) (c (E>V){V(g> c) 

onV^Vi^V. We further assume that c is invertible. The pair (V, c) will be called a braided 
object in A4. A morphism of braided objects {V, cy) and {W, cw) in A4 is a morphism f : V -^ W 
such that cw{f (8> /) = {f ® f)cv- This defines the category Br^vi of braided objects and their 
morphisms. 

2) [Q A quadruple {A, m, u, c) is called a braided algebra if 

• {A,m,u) is an algebra in Al; 

• {A,c) is a braided object in A4; 

• m and u commute with c, that is the following conditions hold: 

(6) c{m(S>A) = {A®m){c(S)A){A(»c), 

(7) c{A(E)m) ^ {m^ A){A(E)c){c^ A), 

(8) c{u (g) A)l^'^ ^ {A(g,u) r^^, c{A ® u)r^^ ^{u® A) l^^. 

A morphism of braided algebras is, by definition, a morphism of algebras which, in addition, is 
a morphism of braided objects. This defines the category BrAlg^ of braided algebras and their 
morphisms. 

3) A quadruple (C, A, e, c) is called a braided coalgebra if 

• (C, A, e) is a coalgebra in M] 

• {C,c) is a braided object in M; 
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• A and e commute with c, that is the foUowing relations hold: 

(9) (A(g)C)c= (C®c)(c®C)(C(8)A), 

(10) (C«)A)c= (c®C)(C®c)(A(g)C), 

(11) lc{e ® C)c ^ re {C ® e) , rc{C ®e)c^lc {e®C) . 

A morphism of braided coalgebras is, by definition, a morphism of coalgebras which, in addition, 
is a morphism of braided objects. This defines the category BrCoalg^ of braided coalgebras and 
their morphisms. 

4) [ffl. Definition 5.1] A sextuple (_B,?7i, w, A,e, c) is a called a braided hialgehra if 

• [B, m, u, c) is a braided algebra; 

• {B, A, e, c) is a braided coalgebra; 

• the following relations hold: 

(12) Am = {m(E)m){B(g)c(g) B){A(g) A). 

(13) Am = (M(g)u)Ai, 

(14) em — mx{e^e), 

(15) eu = Idi. 

A morphism of braided bialgebras is both a morphism of braided algebras and coalgebras. This 
defines the category BrBialg^vi of braided bialgebras. 

Proposition 2.2. Let M be a monoidal category. 

1) Consider a datum (^1,^2,02.1) where Ai — (Ai, rni,Mi) and A2 = {A2,m2,U2) are algebras 
in A4 and C2,i : A2 (Ei Ai —^ Ai (E> A2 is a morphism in M. such that 

(16) C2,i(m2 ® Ai) = [Ai (g) m2)(c24 (E) A2){A2 E) C2,i), 

(17) C2,i {A2 (g) TOi) = (mi A2) {Ai E) C24) (c2,i «) Ai), 

(18) C2Au2(El)lAl^{Ai(E)U2)r^l, 02,1(^2 E) ui)r2^ = {uiE)A2)l^l. 
Then {Ai CS) A2, m^j,^^^, u^^^y^^) is an algebra in A4 where 

(19) m^i«.A2 : = (mi ® ma) (Ai (g) C2,i A2) , 

(20) MAi®A2 : =(ui®M2)Ai. 

2) Let (Ai, ?Tii, Ml), A2 = {A2,m2,U2) £ Alg^. Assume that, for all i,j G {1,2}, there are 
isomorphisms Cij : Ai (g) Aj — > Aj E) Ai such that the following equalities are fulfilled 

(21) Cij{mi (g) Aj) = {Aj (g) mi) {aj g) Ai) {Ai g) aj) , 

(22) Cij {Ai g) m^) ^ {mj g) Aj) (A^ g) Ci^j) {ci^j g) A^) , 

(23) Cij {ui g) Aj) l'^^, = (Aj g) Ui) r^^,, Ci^j{Ai g) Mj)r;4^^ == {u^ g) A^) Z;^^^ 

(24) {Ak g) c,j) (Q,fc g) Aj) {A, ® cj, fc) = (cj-,fc g) A,) (A^- g) c,^k) {c-,,j ® A^) , 

for all ij,k £ {1,2}. 

Then (Ai, mi, ui, ci,i), (A2, m2, U2, 02,2) e BrAlg^. 

Moreover, for all i,j e {1,2} , (^Ai E> Aj,mAi^A,,UAi(giA,,CAi<sA,) e BrAlg^ w/iere m^.^A, 
and UAi0A- o,f£ o,s in 1) and 

CAi^A, = {Ai g) Cij g) Aj) (ci,i g) Cjj) (Ai g) Cj_i g) Aj) . 

5J Let Ai,A2 (respectively A'i,A'2) be objects in Alg^ that fulfil the requirements in 2). Let 
/i : Ai — >■ A'l and /2 : A2 ^^ Aj &e morphisms in Alg^ such that 

(25) (/.®/,)c,,. = 4,(/,®/»), 

/or aH i, J G {1, 2}. Then, for all i,j £ {1, 2} , fi and fi g) /j are morphisms in BrAlg^. 

Proof. It is straightforward. D 
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Lemma 2.3. Let {A, mAT UA, ca) S BrAlg_y^. Then (Ai,mi,ui), (A2,m2,M2),Cij" fulfil the require- 
ments of Proposition 2.i, where {Ai,mi,ui) := (A, m^, m^) , ci^i :— ca-, 

A2 = A® A, m2:= {mA®rnA){A(^CA® A) , U2 := (u^ ^ "a) Ai, 
C2,2 := {A®ca®A){ca®ca){A®ca®A), 
C2,i := {ca®A){A®ca):A2®Ai^Ai®A2, 
ci,2 := {A®ca){ca®A):Ai®A2^A2®Ai. 
In particular {E,mE,UETCE) G BrAlg^, where 

E := Ai®A2, niE ■■= {mi®'m2){Ai®C2,i® A2) , w^ := (wi ^2) Ai, 

CE ■= (Ai ® Cl^2 ® A2) {Cl^l I® €2^2) {Ai ®) C2,l ® A2) . 

Proof. It is straightforward. D 

Definition 2.4. A functor is called conservative if it reflects isomorphisms. 

Proposition 2.5. Let M and M' be monoidal categories. Let (F, 0g, ^j) • -^ ^^ -^' ^e a monoidal 
functor. Then F induces functors 

BiF : BrA^ ^ BrA4' , Algi^ : Alg^ ^ Alg^, , 

BrAlgF : BrAlg_;vi ^ BrAlg^,, BrBialgF : BrBialg_;v( ^ BrBialg^, 

which act as F on morphisms and defined on objects by 



iBvF){V,cv) 

iA\gF){A,mA,UA) 

(BrAlgF) {A, m A, u A, ca) 

(BrBialgF) {B, uib ,ub,1^b-,sb,cb) 



^{FV.CFv). 

= (FA, THE A, Ufa), 

= (FA, TUEA, UEA, Cea) , 

= {FB, niEB, ueb,^fb,£fb,cfb) -. 



where 



cev 
mpA 

Ufa 
Afb 

£fb 



(j)-^ iV, V) o Fcv o 02 {V, V):FV®FV^FV® FV 
FruA o (j)2 {A, A):FA®FA^ FA, 



= FuA ° I 



FA, 



= (t>2^ {B, B) o FAb : FB ^ FB® FB, 
= (j)^^oFeB:FB^l, 



and the following diagrams commute, where the vertical arrows denote the obvious forgetful func- 
tors. 



BrA4 — ^ Bym' 



"I 

M 



\h' 
■M' 



AlgA^ — ^ Alg^, 



■M' 



„ ,, BrAlgF„ ., 

BrAlg^ ^ BrAlg^, 



^Alg 



l^Alg 



Alg^ ^^ Alg^ 



BrAlg_F 

BrAlg^ ^BrAlg^, 



BrBialg_F 

BrBialg^ s- BrBialg^/ 



\^B 



Brx ^ Br;n 



J"b, 



. ' BrAlgF 

BrAlg^ ^^ BrAlg^, 



Moreover 

1) The functors H, fl, 7?Aig, ^Br, ^Br o,fc conservative. 

2) BvF, Algi^, BrAlgi^ and BrBialg\F are equivalences (resp. isomorphisms or conservative) 
whenever F is. 

Proof. Let {V,cv) be a braided object in M. Let us check that {FV,cfv) is a braided object in 
M' . We have 

</>2 {V ®v,v)o (02 (V, V) ® FV) ^ 02 {y^ v®v)o {FV ® 02 {y^ y)) ■ 
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Call u) : FV ® FV ® FV -^ F {V ®V ®V) this composition. Using the definition of cpv and the 
naturality of 02 0116 easily gets 

(26) ojo{cFv®FV) = F[cv®V)ouj^ lo o [FV ® cpv) ^ F {V ® cy) o uj. 

Thus we obtain 

w o [cpv ® FV) o [FV ® cpv) o {cFV ® FV) 
= F[{cv ®V)o{V ®cv)o{cv®V)]oijj 

= F[{V ®cv)o{cv ®V)o{V ®cv)]oi^J 

= Lo o {FV ® CFv) o {cFv ® FV) o [FV ® CFv) ■ 

Since to is an isomorphism, we conclude that cpv is a braiding. Thus {FV, cfv) is a braided object. 
Let / : (V, cy) -^ {V'^cv) be a morphism of braided objects in M. Using the definition of cpv i 
the naturality of (j)2, that / is compatible with the braiding, one easily gets cfv ° {Ff ® Ff) = 
{Ff ®Ff) o Cfv- Thus the functor BrF : Br^vi — > Brwi' of the statement is well-defined. By 
construction one easily checks that H' o BrF = F o H. 



Let {A,mA,UA) G Alg^. By ||AMS| , Proposition 1.5], we have that {FA,mFA,UFA) is in Alg^,. 
Let / : {A^rriA^UA) — >■ {A\mAi ,ua') be a morphism of algebras in M. Using the definition of 
mpA', the naturality of 4>2 and the multiplicativity of / one gets ttifa' ° (Ff ® Ff) = Ff o uifa- 
Moreover, using the definition of Ufa and the unitarity of / one has Ff o ufa — ufa'- Thus the 
functor AlgF : A\gj^ — >■ Alg^, is well-defined. It is clear that F oil = fl' o AlgF. 

Let {A,mA,UA,CA) be an object in BrAlg^. Then {A,ca) G Br^v^ and (A, myi,u^) e Alg^ so 
that, by the foregoing, we get that {FA,cfa) S Btm' and {FA^tufAtUfa) £ Alg^, . We have 

02 {A, A) o {FA (g) tufa) o {cfa <^ FA) o {FA ® cfa) 
= F{A (g) toa) o a; o {cfa ® FA) o {FA (g) cfa) 
^ F{A (g) rriA) o F{cAg)A)o F{A g> ca) o uj 

S F [cA o {ruA giA)]ouj = FcA o 02 (A, A) o {tufa ® FA) = 02 (^> ^) ° c-fa ° {ruFA ® FA) 

where in (*) we used the definition of mFA, the naturality of 02 {A, A) and the definition of w. 
Thus 

{FA g) tufa) o {cfa ® FA) o {FA g) cfa) = cfa o {rriFA ® FA). 

Similarly one proves that {tufa ® FA) o {FA ® cfa) ° {cfa ® FA) = cfa ° {FA ttifa)- Moreover 

02 {A, A) o Cfa ° {ufa ® FA) o l-\ ^=' F [ca o {ua <g) A) o l^^] 

i F [{A ® ua) o r-/] ^"^ 02 {A, A) o {FA ® ufa) o rp\ 

where in (**) we used the definitions of cfa and ufa, the naturality of 02 and the definition of 
monoidal functor. Thus cfa ° {"^fa ® FA) o l^^ = {FA g) Ufa) ° ^fa- Similarly one proves that 
CFA o {FA (g) Ufa) ° rp\ = {ufa g) FA) o lp\. We have so proved that {FA, mFA, ufa, cfa) is a 
braided algebra in J\A' . Since, by definition, a morphism of braided algebras is just a morphism 
of braided objects and of algebras, it is clear, by the foregoing, that F preserves morphisms of 
braided algebras so that the functor BrAlgF : BrAlg_^ -^ BrAlg_^, is well-defined. It is clear that 
Algi^ o i^Aig = -^Aig ° BrAlgF and BrF o r^Br = ^Br ° BrAlgF. 

Let us define the functor BrBialgi^. Let (i?, 777,^,1*3, As,e_B, cb) be a braided bialgebra in M. 
Then {B, mg, ub, cb) is a braided algebra in Ai, so that, by the foregoing, {FB, mpB, ^fb, cfb) is 
a braided algebra in Ai'. A dual argument proves that {FB, Afb^ £fb^ cfb) is a braided coalgebra 
inM'. 

We compute 

02 {B, B) o {niFB ®> ruFB) ° {FB g) cfb ® FB) o {Afb ® ^fb) 
^*=^ F{mB ® tob) o (j)2{B ® B ® B,B) o {uj g> FB) o {FB g) cfb ® FB) o {Afb ® Afb) 
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F(mB ® ijib) o (j)^{B ® B ® B,B) o {F {B ® cb) ® FB) o {uj ® FB) o (Aj^s ® Aps) 
0, 



^*=^ F [{niB ® ms) o{B(E>CB®B)o (As ® As)] o 02 (B, B) 



F (As o rns) ° <t>2 {B, B) — FAb o jtifb — 4>2 (B, B) o Afb ° rnpB 

where in (***) we used the definition of mps, the naturahty of (j)2, the fact that i^ is a monoidal 
functor and the definition of u while in (***)' we used the naturahty of (j)2, the definition of w, 
the definition of ApB (the one on the left of the tensor), the fact that F is monoidal, again the 
definition of Aps (the one on the right of the tensor) and the naturahty of (j)2 ■ Thus 

{■mpB (Ei mpB) o {FB (g) cfb ® FB) o {Afb ® Afb) = Afb ° tufb- 

We calculate 

definitions of Afb and ufb, the unitarity of As, the equality Ai — l^^ , the monoidality of F, 
the naturahty of the left unit constraint, the naturahty of 4)2 and again the definition of ufb, one 
gets 4)2 {B,B)oAfb°ufb — 42 {B, B)o{ufb^ufb)oAi so that Afb ° ufb = {ufb^ufb)oA±. 
Dually one gets Efb ° mpB = 'mi o {efb ^ £fb) ■ Finally we have 

£fb ° Ufb = 00 ^ ° P^B ° Fub o ^q ^ 4>o^ o F{eB o ub) °4o^ 4a^ ° 4>o ^ Wi. 

We have so proved that {FBjItifbjUfbj^fb^Sfb^cfb) is a braided bialgebra. Let / be a mor- 
phism of braided bialgebras from {B,mB,UB, Ab,£b,cb) to {B' ,mB',UB', Ab',Sb',cb')- Then 
/ : (BjItib^ub) -^ (B' ,mB',UB') is a morphism of algebras and / : {B,Ab,£b) ^^ {B' , Ab',£b') 
is a morphism of coalgebras. Thus Ff : (FB^ttifbtUfb) ~^ {FB' ^tufb' ,ufb') is a morphism of 
algebras and Ff : {FB,Afb,£fb) — > {FB' ,Afb',£fb') is a morphism of coalgebras. Moreover 
we know that Ff : {FB, cfb) — > {FB' , cfb') is a morphism of braided objects. We have so proved 
that Ff is a morphism of braided bialgebras. Thus the functor BrBialgF : BrBialg^ -^ BrBialg^/ 
of the statement is well-defined. 

Let (f,4^,4^) : M ^ M' and (f',4^' ,4^'\ : M' -^ M" be monoidal functors. Then 

(f'F, </.f ■^, </>f ^)is a monoidal functor where <^f ^ (t/, V) := F' f^f ") ([/, V) o ^f {FU, FV) and 

4o''' := F' Uq) o 4o'.We compute 

(BrF' o BrF) {V, cy) = Bri^' {FV, cfv) = {F'FV, Cf'(fv)) = {F' FV, c^f'F)v) = Br {F'F) {V, cy) ■ 
where (•) follows from the following computation 

CF'(FV) = (^f) \fV,FV)oF'cfvo42' {FV,FV) 

= (<^r) ' {FV, FV) o F' U42) ' {V, V) ° Fcv ° {^2) {V, V)) ° <l>2' {FV, FV) 

= (^f ) ' {FV, FV) o F' (42) ' {V, V) o F'Fcv o F' (^f ) {V, V) o ^f {FV, FV) 

= 4^'^ {V, V)-' o F'Fcv o 42'^ {V, V) = c^F'F)v- 
Thus we have BrF' o BrF = Br {F'F) . We compute 

{AlgF' o A\gF) {A,mA,UA) = A\gF' {FA,mFA,UFA) ^ {F' FA,mF-{FA),UF>{FA)) 

^=^ {F'FA,m(F'F)A,HF,F)A) = A\g{F'F){A,mA,UA) 
where (••) follows from the following computations 

mF'(FA) = F'mFAo42' {FA,FA) ^F'FmAoF'42 {A,A)o4^' {FA,FA) 

= F'FmAo42 ^ {A,A) ^'nn^F'F)A, 
uf'(fa) = F'ufa°4o =FuaoF'4qo4q =Fuao4o ^u(f'f)a- 
Thus Algi^'o AlgF = Alg (F'F) . By the foregoing it is clear that BrAlgF'oBrAlgF = BrAlg {F'F) . 
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By the foregoing and a dual argument on the coniultiplication and counit, one also gets that 
BrBialgF' o BrBialgi^ == BrBialg (F'F) . 

Consider the strict monoidal functor IcLm- A direct computation shows 

Br {Um ) = IdBr^ , Alg {Mm ) = IdAig^ , 

BrAlg {Um ) = WsrAig^ , BrBialg {Mm ) = IdBrBiaig^ • 

Let (F,(j)Q,(f)2] ■■ M -^ M' and [F',4>Q',(f>2J : M ^ M' he monoidal functors. Let ^ : 
F,(f)Q,(f)2 ) — > IF',4'q ,02 ) be a morphisni of monoidal functors i.e. a natural transformation 

^: F ^ F' such that ^1 o 0^ == 0^' and ^{U(3V)o(j)^ {U, V) ^ (j)^ {U, V) o {^U «) ^V) . Let us 
define a natural transformation Br^ : BrF — > BrF'. First we have to define a morphism Br^ (V, c) : 
Bri^(y,c) -^ BrF'(y,c). in Br^^.. Now BtF{V,c) = {FV.cpv) and Bri^' (V, c) = {F'V,cf'v) 
so that a natural candidate is £^V. We have to check it is a morphism of braided objects i.e. 
{^V (E) ^V) o cfv — cp'v ° {£,U <E) ^V) but this is achieved by means of the definition of cpy, the 
fact that ^ is a morphism of monoidal functors and the naturality of ^. Thus S^V really induces a 
unique morphism Br^ (V, c) : BrF {V, c) — > BrF' {V, c) such that i/'Br^ {V, c) — ^V. Let us check 
that Br^ {V, c) is natural in {V, c). Let / : {V, c) -^ {V' , c') be a morphism of braided object in Ai. 
Then 

H' (Br^ {V', cJ) o BrF (/)) = H'Bt^ {V' , c') o H'BtF (/) 
= ^V' o FH (/) ^ F'H (/) o^V = H' {BtF' (/) o Br^ {V, c)) 

so that Br^ {V' , c') o BrF (/) = BrF' (/) o Br^ (V, c) and hence we get a natural transformation 
Br^ : BrF -^ BrF'. 

We have to define a morphism A\g£^{A^mA,UA) '■ AXgF {A^niATUA) -^ AXgF' {A,mA,UA) in 
Alg_;^,,. Now Algi^(^,mA,MA) = {FA,mFA-,UFA) and AlgF' (A, m^, ma) = (F' A,mF'A,UF'A) so 
that a natural candidate is again ^A : FA -^ F'A. We have to check it is a morphism of algebras 
in Ai' i.e. that ^A o mpA ~ 'tif'A ° {^A (g) ^A) and S,A o ufa — uf'a but these equalities follow by 
definition of tufa (resp. Ufa) the naturality of ^ and the fact that ^ is a morphism of monoidal 
functors. Hence there is a unique morphism Alg^ {A, tua, ua) such that fJ'Alg^ (A, itia, ua) = £.A. 
We check it is natural in {A, tua, ua) ■ For an algebra morphism / : {A, ttia, ua) — > {A' , niA' , ua') , 
we get 

n' [AlgC {A' , niA' ,UA')o AlgF {f)]^CA'o Fn (/) 

- F'n (/) o^A = n' [AlgF' (/) o AlgC {A, ruA^UA)] 

so that we get a natural transformation Alg^ : AlgF -^ AlgF'. By the foregoing and the definition 
of BrAlgF we can define a natural transformation BrAlg^ : BrAlgF — )■ BrAlgF' using again ^A. 
Similarly one gets a natural transformation BrBialg^ : BrBialgF ~> BrBialgF'. 

Let (F,0^,0f) : M ^ M', (f', </)^', <?!)f ) : M ^ M' and (f", ^f , </)f") : M ^ M' he 

monoidal functors. Let ^ : {F,(f>^,4>^) ^ {f\ (f>^\ (f>^') and C' : (f',^^ ,0f ) ^ (f",^^',^^") 
be morphisms of monoidal functors. Thus 

i7' (Br^' o Br^) = i^'Br^' o i^'Br^ = ^'iF o ^iF == (^'^) i7' = i7' (Br (^'C) ) , 

n' ( Aige' o AM) = f]' Aigc' o r!' Aigc ^e^'o e^' = (e'e) ^' - ^' ( Aig (re) ) 

so that BrC' o Br^ = Br {^'^) , Alg^ o Alg^ = Alg {('() and hence BrAlg^ o BrAlg^ = BrAlg {(_'(_) 
and BrBialg^ o BrBialg^ = BrBialg (^C) • Moreover 

il'(Br(Idj^)) = {ldF)H = ldFH = H'ldBrF, 

n{A\g {Uf)) = (Idi.) r! = Idi^o = ^ (IdAigF) , 
so that Br (Id^?) = IderF, Alg (Idj?) = IdAig_F and hence BrAlg (Idi?) = IdsrAigF and BrBialg {Uf) = 
IderBiaigF- Now, if I F, 0q , (j!)2 ) : TM — > A4' is a monoidal equivalence, i.e. F : Ai ^ A^' is a 
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monoidal functor and there is a monoidal functor I G, (/)q , 02 ) '■ M' ^ J^ and monoidal isomor- 
phisms of functors 

a:ldM'^FG l3:GF^ldM- 
Then 

Bra o Br (a^^) ^ Br (a o a^^) = Br (Mfg) = IdBr(FG) = IdBr(i^)oBr(G) 
Br (a"i) o Bra = Br (a~^ o a) = Br (Wm^,) = IdBr(id^,) = Ididg,^, 

so that Bra : MbiM' ^^ Br (F) o Br (G) ( and similarly Br/3) is a functorial isomorphism. This 
means that Bri^ : Brx -> Btm' is an equivalence. Analogously AlgF : Alg^ -^ Alg^, is an 
equivalence and hence also BrAlgF : BrAlg^ — > BrAlg^, and BrBialgF : BrBialg^ — > BrBialg^, 
are equivalences. 

If F is a category isomorphism there is a monoidal functor I G, i/iq , 02 ) • -M' ^ -^ such 
that FG = IdA^. and GF = Id^^. Hence Br (F) o Br (G) = Br (FG) = Br(IdA^O = Hbi-^, 
and similarly Br (G) o Br (F) = Wbi-jm so that Br (F) is a category isomorphism. Analogously 
AlgF : Alg^ — )> Alg^/ is an isomorphism and hence also BrAlgF : BrAlg^ — )• BrAlg^/ and 
BrBialgF : BrBialg^ -^ BrBialg^/ are isomorphisms. 

The proof of 1) is straightforward. If F is conservative, using 1), one easily check that so are 
BrF, AlgF, BrAlgF and BrBialgF. For instance, F and H conservative implies FH ~ H' (BrF) 
conservative and hence, since H' , as any functor, preserves isomorphisms, we obtain that BrF is 
conservative. D 



The following result is essentially Ka, Lemma XII. 3. 5, page 327] in case the monoidal category is 
strict. We prove that it holds for any monoidal category (A^, ®, 1) using the monoidal equivalence 
^str _^ j^ described in [^3, Theorem XI.5.3, page 291], where TW*"^ is a strict monoidal category. 



Lemma 2.6. Let (A^,®,!) be a monoidal category and let (V,c) G Br^. There there exists a 
unique monoidal functor (F, ip2, ^q) : B ^ Ai such that, for all a, 6 G N, 

F(0) = 1, F(1) = V^, F{a®l) = F{a)®V, F (cis) ^ c 



(27) 

(28) 

(29) 

(30) (p2ia,b'S>l) = {(p2ia,b)®V)oap^^.^pf^^.^y, a,&>l, 

(31) 



V'2(0,&) = 


= hib), 


^2(a,0) = 


= rpia), 


^2(a,l) = 


= IdF(a)iS)V, a > 1, 


(P2{a,b'^l) - 


= (932(a,^)®"^^)°aF(^a),F(6),y' 


'Po = 


= Idi. 



Here B denotes the Braid Category, see [Ka, page 321], which is a strict monoidal category. Its 



braiding is denoted by Cm,n '■ rn ® n ^ n ® m. Moreover F (n) := V^" for every n G N. 



Proof. By [Ka, Theorem XI.5.3, page 291], there is a monoidal equivalence F' : M^*-'^ — > A4, where 
A^^*'' is a suitable strict monoidal category. Recall that objects in A^'^*'' are all finite sequences 
S — (Vi, . . . , Vfc) of objects of M including the empty sequence 0. The integer k is by definition 
the length of the sequence and is denoted by I (S). This category is strict monoidal with unit 
and tensor product given by 

0(8)5' : =5=: 58)0, 
iVi,...,Vk)^{Vl,...,V:) : =(T/i,...,Ffc,n',...,K). 

To any sequence S one assigns an object F' (S) defined recursively as follows: F' (0) := 1, 
F'iiVi)) := Vi,F'{{Vi,...,Vk,Vk+i)) = F' {{Vi, . . . ,Vk)) ^ Vk+i. The morphisms in M''' are 
given by 

M""'' {S, S') := M (F' (5) , F' (5')) ■ 
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Defining F' as the identity on morphisms, we get the functor F' : AA^^'^ — > M. . For arbitrary 
objects S, S' € M""^' there is an isomorphism ip'^ (5, 5") : F' (S) (g) F' (S") -^ F' (S ® S') defined 
iteratively as follows 

^'2 (5, 5' ® (Z)) : ^{ip'^{S,S')(gZ)oap\g^,„^s').z,liS)>lJ{S')>l. 

Define cpg — Idi : 1 — > F' (0) . Then (F',(P2,(Pq) is the claimed monoidal functor. This comes 
out to be an equivalence. Its right adjoint G" : A4 — > M^*''^ is given by G" (Z) := {Z) and is the 
identity on morphisms too. Note that F'G' = Id^. The counit of this adjunction is the identity 
eZ = Uz ■■ F'G'Z -^ Z. The unit is t^S = Idi^-s : S -^ G'F'S. By [ JAMSJ , Proposition 1.4.], we 
have that (C, 72,70) is a monoidal functor where 

7o : =G'((^^)-^)o,;0:0^G'l. 
7'2 (X, Y) : = G' {eX ® eY) o G' (((^'2)"^ [G'X, G'Y)\ o 77 {G' X ® G'Y) : G' X ® G'Y -^G'{X(g,Y). 
Hence 7^ = Idi : ^ (1) and 7!, {X, Y) ^ Ux^y : {X, Y) ^ {X (g Y) as 

((p'2)-' (G'X, G'y) = (^^)-' {(X) , (Y)) = ldp,^^x))^Y = Idx^Y- 
Therefore we have a functor BrG' : Br^vi -^ Br^v/fstr. By construction 

BrG' {V, c) = (g' (F) , (7^)-^ (F, F) o G'c o 7'2 (F, F)) = ((F) , c) . 



Thus {{V) , c) = BrG' (V,c) G Br^^st, . By ||Ka| , Lemma XII. 3. 5, page 327], there is a unique strict 
monoidal functor F" : B ^ X""^ such that F" (1) == {V) and F" (ci,i) = c. Define F -.^ F' o F" : 
B^ M. Hence F (1) = F'i^" (1) = F' (( V)) = V and F (ci,i) = F'F" (cia) = F' (c) = c. Let us 
compute the monoidal structure of F. By |AMS| , 1.3], we have that (F, ip2, ^Pq) is monoidal where 

^2 (a, 6) : = ^2 {F" (a) , F" (6)) : F (a) ® F (&) ^ F' (F" (a) ® F" (&)) = F{a®h), 
^0 = ^;,:1^F'(0)=F(O). 

We get 

(^2(0,6) = ^^(F"(O),F"(6)) = ^^(0,F"(&))=Z^(,), 
(^2 (a, 0) = ^i (F" [a) , F" (0)) = p'^ (F" (a) , 0) = r^ (,) , 
9.2 («, 1) = ¥^2 (^" («) , F" (1)) = ^f, (F" (a) , (F)) - lApianv. 
^2(a,6®l) = ^i(F"(a),F"(6®l))=^^(F"(a),F"(6)®F"(l)) 

= ^'2 (F" (a) , F" [h) ® {V)) = {^'2 (F" (a) , F" (6)) ® F) o a^,V"(a),F'F"(;,),y 
= (¥'2(a>^)®^)°aF(^a),_F(b),y 
Thus @, (|^, (§1), i^ and (|lD hold true for (F, ^^2, <^o)- 

Let ( F, ^2) ?'o ) : 'B -> A^ be another monoidal functor such that F (0) = 1, F (1) = V, F {a ® 1) = 
F (a) (g) F, F (ci,i) = c and the analogue equations (|^, (|8|), (|2|), ^) and (|l|) hold true. 

In order to prove that (F, 1^92, ^^o) ~ [F,^2^^a) i^ suffices to check that F (a) = F (a) for every 
a G N (in fact the constraints are then uniquely determined by the equalities they fulfil). 

Let us check that F (n) = T/*^" for n > 0. We proceed by induction on n. For n = 0, by 
assumption we have F (0) — 1. Let n > and assume that F {n — 1) := T/'^("-~i). Then 

F{n)=F {{n - 1) ® 1) = F (n - 1) ® F = F®("-i) ®V = F®". 
Similarly F (n) = F®" for n > 0. D 
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Proposition 2.7. Let (A^,®,!) be a monoidal category and let {V,c) G Htm- Then there is a 
unique morphism 



4'^ : V®" ® V^^ -^ V^ 



such that for all l,m,n eN 
(32) (v- 



®" ^clj."']o fc!^" ® 1/®") o (v^' ® c; 



771, n 
T 



)-( 



C'" ® v^®') o ('y®" ® 4") o ('4" <S) v^« 



(33) 
(34) 
(35) 
(36) 

(37) 



l~\~m,,n 



; / 0, m / 0, 



( V (g) Cy j o ( Cj, (g) K 1 = Cy , m / 0, n 7^ 0, 






V8>" 



' V»' 



' VS)"' 



- r^ 



Proof. Consider the monoidal functor {F, tp2, (fig) : B ^- ^A oi Lemma 2.6. Consider for a, 6 G N, 
the isomorphism ip2 (a, b) : F (a) (^ F (b) -^ F {a + b) where F (n) — V'^"- for every n e N. Set 



c^,''' := (^2 (6, a)-i o F (caM) ° '/'2 (a, b) : y^° (g) l/«^^ ^ y« 



Thus 

(38) 



V2 {b, a) O C^.'^ = F (Ca^b) O <y52 («> ^) ■ 



^1,1 



Note that, since t/jj (1; 1) = ^^V(»v, we get c^' = F(ci_i) = c so that ( |37D holds. Since Cm,n 
m® n 

(39) 

Thus, 



n (g) m is the braiding in S, we have that 

{n (g) Ci^jn) O {ci,n i^m) O {1<S) Cm,n) = (Cm,n ® /) ° ('7^ ® Q.n) O (c/,m (g) n) . 



V?2 {n, m.®l)o{F (n) (g) 792 {"m, I)) o (^F (n) ® 4™j o aF(n),F(0,F(m) 
o (^4" (g) F (m)j o aFW.F(n).F(™) ° (-'^ (') ® ^T '") 



(*) 



= F [n® CLm) o F {ci,n g) m) o F (/ g) c,„,„) o tp.^ {I, m g) n) o (F (/) g) (^2 ("^^ '^)) 
— F (cm,„ g) /) o F (m g) Ci,„) o F (ci,m g) n) o (^2 (^1 m g) n) o (F (/) g) 1^52 ("i, n)) 



{„) 



^2 (n, m®l)o{F (n) (g) (^2 (n^, 0) ° a,F(,^),F(^),F(i) o (4'" g) F {I)) o a^J^j^FM.Fa) 

O (^F (m) (g 4") ° aF(m),F(0,F(n) ° [cj" ® F (n)) O aFa),F{m),F{n) 



where in (*) we used in the order ( |38|) , the naturality of (ySj, the monoidality of F, (38), the 
naturality of (^21 the monoidality of -F, (|38| ) and the naturality of (^21 while in (**) we used in the 
order the monoidality of F, the naturality of (^2; (Pq), the monoidality of F, repeated three times. 

Since Lp2 (n, m®l) o [F (n) O 1^92 ("t-, 0) i^ ^-^^ isomorphism, from the computation above we 
deduce 



;j,"g)F(m)) oa^}, 



F{l),F{n),F{m) 



o (F (l) g) c; 



m,n\ 

't / 



F (n) g) Cj,™ j o aF{„),F(0,F(m) o I c'-t 

iF(r.),F{n^),F{l) ° (4'" ® ^ (0) ° AfU .F(n) ,F(0 ° [^ ("*) ' 

oaF(m),F(i),F(n) o (clf ® F {n)j o a-J,)_^(,^)_^(,^) 
This is ( p2[ ) with all the constraints. Since c___ is a braiding, we have 

(40) (Cj,„ g) m) O (Z g) C,„,„) = Cl+m,n- 

We compute 

(^2 (n, ; (g m) o (F (n) g) (^2 (l, m)) o aF(n),F(i),F(-m) ° (cy" ® F {mYj o a^J,)^^(„)_^(,„) o (F (0 (g c"^") 



(•) 



F (c/^„ g) m) o F (/ g) Cm.n) o <P2 (^j ?«- g) n) o (F (;) g) (^2 ('7^, ?^)) 



© 



F (Q+m,„) o (^2 (^, "i g) n) o (F (/) ® ip2 {m, n)) 
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" (^2 (": l®m)o c!+'"'" o ((^2 il-, m)®F {n)) o a'p]^i)^p(^)^F{n) ■ 

where in (•) we used monoidality of _F, (pq), naturality of 1^925 repeated twice, while in (••) we 
used monoidahty of F and (pq). Since (f2 {n, I ® m) is an isomorphism, we obtain 

{F (n) (g) ip2 {I, m)) o a^(„)_^(,)_^(„) o (^c!f" F {m)j o a^Ji)_^(„)_j^(„) o (F (/) (?) c™'") 



If Z 7^ and m ^ this formula is (p3) with all the constraints. 

Equation ( p4| ) follows analogously. Since c_^_ is a braiding, we have 

(41) co,nol-^=r-\ 

We get 

■^2 (n, 0) o cy'" o ((^0 i^ (n)) o /^ji^^ i^ F (co,„) o (^2 (0, n) o (ip^ ^ F (n)) o /^^^^^ 

= F (co.„) o i^ (/-I) S i^ (r-i) = ^2 (n, 0) o (F (n) ^0) o r'^^) 

so that 

4'" o (^0 (g) F (n)) o /^i^^^ == (F (n) g) ipg) o r-^^^j. 

This is (pq) with all the constraints. Equation (pq) follows analogously. 



We now deal with uniqueness. Suppose there exists another c^', : V'^"' ^V'^'' -^ V'^^'^V®'^ that 

c^' does for all a, 6 G N. Since c^, 



fulfills the analogue of the equalities that cS,' does for all a,b <E N. Since c^, fulfills the analogue 



of (|3^) we have 

(4? ® F®™) o (F®' «) 4V") = 4+'"'", for all Z, m, n G N, / ^ 0, m ^ 0. 
For ? = 1 we get 

(4," «) T/®") o (T/ c™;") = 41"'", for ah /, m, n G N, m ^ 0. 

Hence, an induction process tells that c^', is uniquely determined by Cjj" and Cj.'" for n G N. Since 
c^' fulfills the same equalities, in order to prove c^, = c^' it suffices to check that this is true for 
a = 0,1. Analogously, using the analogue of (p4|) we can further reduce to the case a,b = 0,1. The 



equality in these cases follows by (35), (pq), (ply and their analogous. D 



3. Braided Adjunctions 

Proposition 3.1. Let {A4, (g), 1) be a monoidal category. Consider the category BrAlg_;^ of braided 
algebras in A4 and their morphisms. Assume that A4 has denumerable coproducts and that the 
tensor functors preserve such coproducts for every object M in A4. Denote by iler ■ Bi'Alg_^ — > 
BrjV!,iJ : Br^ — >■ Ai and H^ig : BrAlg^ -> Alg^ the obvious forgetful functors. Then the functor 
ilBr : Bi'Alg_^ — S> Br^v! has a left adjoint 



TBr : Br^ ^ BrAlg 



Ad- 



Given {V,c) G Br^ one has that Tbt iV,c) = (TV,ct) where ct '.= ccitv is uniquely determined 
by 



m.n 



(42) CT o {a„,V (E> anV) == (a„F (E> a.mV) o a 

and c™'" are the morphisms of Proposition 2.1. For f a morphism in Br^vi, one has Tbi- (/) := 



T{f). 

The unit rj^^. and the counit CBr o-fe uniquely determined by the following equations 

(43) ifT^Br = VH, -ffAlgCBr = ei^Alg, 
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where rj and e denote the unit and counit of the adjunction {T,^) of Remark l.S. Moreover the 
following diagrams commute. 

(44) BrAlg^ ^^^ Alg^ BrAlg^ -^^^ Alg^ . 

BrA4 ^ M BrvK s- M 



Proof. Let (V,c) € Br_A/(. By Proposition 2.7 we can consider, for m,n £ N, the morphisms 
^rn,n . y®„^^■^^®„ ^ y«)n^y0m^ gy Remark |l . 3|, wc Can consider the tensor algebra TV G Alg^. 
Let us define a braiding ct on T = QTV using c™'". Let a„V^ : T/®" — ?> T be the canonical 
morphism. Since the tensor functors preserves denumerable coproducts, there is a unique morphism 
ct:T(E)T ^T®T such that Q. 

Let us check that {T,mT,UT,CT) is a braided algebra. We know that {T,mT,UT) = TV is an 
algebra. We compute 

(T (g) ct) o (ct «) T) o (T (g) ct) o (a;T/ g) a^F «) a„F) 

9 {a„V ® a™t/ g. ajF) o (v^" ® 4™) o (4" ® F®™) o (]/«' g, c™'") 

© («„!/ amV ajF) o (c^'" ® y®') o (y®™ 4") o (4™ ® F®") 

^ {ct g) T) o (T g) ct) o {ct ®T)o {aiV g) a^F a„F) . 

By arbitrariness of I, m and n we obtain that ct is a braiding i.e. that (T, ct) is a braided object. 
We have 

(T (g) mr) o {ct ®T)o{T® ct) o {aiV (8> a^F ® aK) 

© (T g. mr) o {anV ® aiV ® a^V) o (4" g. V^«") o {V®' ® c^'") 

i (a„T/ ® ai+raV) o (4" g, T/®") o (y®' c™'") 

^ (a„F(g)a;+„iF) ocJft™'" £^ CT o (a;+,„V^ g) a„F) 
M CT o {ruT ®T)o {aiV ® a^V ® a„F) . 

By arbitrariness of /, m and n we obtain that (T ® niT) o {ct g) T) o (T g) ct) = ct o {rriT g) T). 
Similarly, using Q, one gets {wlt ®T)o{T ® ct) o {ct g) T) = ct o (T g) ttt-t)- 
We have 

- di) 

Ct o {ut g) T) o /"^ o aVn = ct o ("t ® aKi) o ^v®„ ^ ct o {aVo g) aF„) o ?~^„ 

® ^ 1/ ^ 1/ \ 0." ;-i ® / T/ ^ \ -1 

= (T (g mt) o {aVn g) 1) o r~^„ = (T g) ut) o r^^ o aK- 

By arbitrariness of n we obtain that ct ° {ut ®T)ol'^ — (T g) ut) ° r^ . Similarly, using (p6[), 
one gets ct °{T ® ut) o r^^ = {ut g) T) o l~^ . We have so proved that (T, ttit, ut, ct) is a braided 
algebra in M.. Define T-qv {V, c) to be this braided algebra in M.. 

Let / : (V, c) — )► (y,c') be a morphism of braided objects. In particular f : V ~^ V \s 
a morphism in M. so that we can consider the algebra homomorphism T (/) : {T,mT,UT) — >■ 
(T', TTiT' , wt')- Let us check by induction on m G N that 

(45) (/®" g) /®™) o c"'" = c"/" o (/«" g) /®") . 

For m — and n G N we have 



(/®" ^ /®™) o cj''" = (/«" ® /«°) o c?;" ® (/«" ® 1) o r-^ o /^«„ = rV^ of^^ol 



ty®n 



^(v^V- ° V')»" ° (1 ® /""") ® 4'" ° (/®" ® /®") - c™;" o (/®™ ® /®") 
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For m — 1. For n = 0, it follows in a similar way. For n — l,we have 

(r"®r'")oc?f'" = (/®/)o4'i©(/®/)oc 

= c' o (/ ® /) © 4'i o (/ g5 /) = c™;" o (Z®™ /«") . 

Assume that the formula holds for n > land let us check it for n + 1. Using (p^), (|37|), the fact 
that / is braided, (||) and (H) we get (/®"+i « /) o 4'"+^ = 4',"+^ o (/ ® /8"+i). We have so 
proved that the statement holds for m = 1 and n 6 N . 

For 777, e N and n — the formula holds in analogy to the first case we considered above. 

Assume that the equation holds for 777 > 1 and 71 > 1. Then the formula holds for (771 + 1, n) by 
means of (p3|), induction hypothesis and ( p^). Thus the formula is proved for all 777,77, £ N. 

Now, using in this order (||), (0), (||) , (^ and (0) we get 

(nr (/) ® nr {f))ocTo{amV anV) = CTo(rJT (/) ® fir (/))o(a™F ® anV). By arbitrariness 
of m, n we obtain that (rJT (/) (g) fiT (/)) o ct = ct o (QT (/) ig) flT (/)) so that T (/) yields a 
morphism of braided algebras in A4 that we denote by Tbt (/). Thus we have defined a functor 
Tsr : Br^vi — > BrAlg^. It is clear, from the construction that diagrams (H) commute. Let us 
check that {Tbt,^Bt) is an adjunction. For {V,c) G Br^^^, 

CT o {riV 7]V) M CT o (aiF aiF) ^ (aiF ® aiV) o ^^ ^''^^ (77F ® 7/t/) o c. 

Thus r]V : V -> ^TV defines a morphism r]BAV,c) : {V,c) -^ (r^Br o Tb.) (F, c) such that 
HtIbt {^^ c) — rjV. Since rjV is natural in V we get that rj^^ (V, c) is natural in (V, c) so that 
we get a natural transformation 773,- : Ider^vi ~^ ^Br °Tbt- Let (A, r77^,Uyi, ca) G BrAlg^. Then 
e (A, 777^, Ttyi) : rJ7 (yl, 777^, Tiyi) — >■ (A, 771^1,77^) is an algebra map. Let us check it commutes with 
braidings: 

{He {A, vfiA, ua) <E> rje {A, tua, ua)) o Cf^TO(A,m^,«^) ° {a-mA ® a„yl) 
= (rie {A, TTiA, ua) ile {A, ttia, ua)) o cj^ta ° {ctmA ® q:„A) 

^ (51e (A, 777^, 77^) (g) ile (A, 777^1, 77^)) o (q:„A a^A) o c^^'^ 

i (777^-1 777:^-1) O C'^f'^ ^=' C^ O (777™-! ® 7nr ') 

S c^ o {fie (A, niA, ua) ^ i^e (A, 777^, Ti^i)) o (a^m iX) a^n) • 
Let us prove (*) by induction. For m = and 77 G N we have 

/ n— 1 „ m— 1\ m.n ( n— 1 „ -1\ 0,n d^g) / n — 1 ^ ^ — 1 7 

(777^ 777^ ) o c^rj^A = ("^A «) "7^ ) o Cj-^Va - (™A ® ^a) o r^®„ o ^A»" 

= (A (g) 77^) o (777^^^ g) 1) o r^^„ o /^®„ = {A® 77^) o r^^ o m\^ o /^»„ 

= (A ua) O r^^ oIaO {1® 777^"^) if CA O (77^ (g) A) O (1 777^"^) 

= CAO {uA g) m'X^^) =CAO {m^'^ g) 777^"^) = CA o (rn,™"^ (g) 777^"^) . 

For 77 = and 777 G N, the proof is similar. In particular we get the case 777 = 1 and 77 = 0. For 
m — n ~ l,we have 

{ml-' m^-') o c^^^ = {m°^ ® 777^) o ^^^ = ^^^ ca = ca o (m™"! ® m^ ^) • 
For 777 = 1 , assume that the formula holds for 77 > 1 and let us check it for 77 + 1 . We have 

{ml ® mT') o cT^rT = i^l <» A) o 4^+^ S (m^ S5 A) o (a«" ® 4^^) o (^^^ ® A'^') 
® (777A A) o (m^-l A A) o (A®" ® ca) o (c^'J^ a) 

= (777A (g) A) O (A g) C^) O (m^"^ (g) 777^ (g) A) O fc^'^^ (g) Aj 

== (777^ g) A) O (A (g) ca) O {ca <E>A)o {m°A (g> 777^"^ (g) A) 

™ CA O (A (g) m^) O (777^ (g) 777^"^ g) A) = CA O (777™"^ ® 777^;^) . 
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We have so proved that the statement holds for m = 1 and ?i G N . 

Assume that the equation holds for m > I and n > 1 and let us prove it for (m + l,n). We 
have 

= (A ® m^) o (m^-i ® m™-i ® A) o (c^"^"^ ® A) o (^®" cJ^'J^) 

= (A (g) m^) o (cA ®A)o{A® ca) o (m""^ (g) A (g) m^~^) 

^' c^ o (m^ ® A)o (m"~^ «) yl «) m^~^) = c^ o (m™ (g) m^"^) . 

We have so proved that (*) holds. Hence e (yl, m^, u^) '■ Til {A, rriA, u^) -^ {A, niji, ua) induces a 
morphism esr {A, niA, ua, ca) '■ TBii^Br {A, itia, ua, ca) -^ {A, ttia, ua, ca) such that 

^Alg (fBr {A, ITlA, UA, Ca)) = £ {A, niA, ua) ■ 

The morphism esr (A, niA, ua, ca) is natural as e (A, mA, ua) is natural. We have 

= eTH o TiJ?7B, = eTi? o TrjH = Uth = i^Aig (Wt) , 

-ff (f^BreBr O r/B^r^Br) = iJf^BreBr O i/?/Br^Br 

Since both -ffAig and i/ are faithful, we get that (TBrj^Bi) is an adjunction with unit r/Br f^nd 
counit EBr- n 

Definition 3.2. Let TW be a preadditive monoidal category with equalizers. Assume that the 
tensor functors are additive. Let C :— (C, Ac, ec, uc) be a coalgebra (C, Ac, £c) endowed with a 
coalgebra morphism uc : 1 — s- C. In this setting we always implicitly assume that we can choose 
a specific equalizer 

P (C) ^ — ^ C t C (g c 

We will use the same symbol when C comes out to be enriched with an extra structure such us 
when C will denote a bialgebra or a braided bialgebra. 



Next result should be compared with [GV, Lemma 6.2]. Note that, in our case, the braiding 
of the primitive elements has not order two, in general. Also our proof of the existence of such a 
braiding follows different lines. 

Lemma 3.3. Let A4 a preadditive monoidal category with equalizers. Assume that the tensor 
functors are additive and preserve equalizers. For any A := {A,mA,UA, ^a,£AtCa) G BrBialg^, 
there is a unique morphism Cptj^^) : P (A) g) P (A) -^ P (A) g) P (A) such that 

(46) (^A (g ^A) o cp(A) = CA o (^A g) ^A) . 

We have that (P (A) ,cprf^\) G Bim o.i^d that ^A : P (A) -^ A is a morphism of braided objects 
that will be denoted by ^A : (P (A) , cp(A)) — > {A, ca)- For any morphism / : A — > A' m BrBialg_v(, 
there is a unique morphism P (/) : P (A) — >■ P (A') such that 

(47) CA'oP(/) = /o^A. 

The morphism P (/) is indeed a morphism of braided objects. This way we get a functor 

PBr : BrBialg^ ^ Btm : A ^ (P (A) , cp(A)) , f ^ P (f) . 
Moreover 

(48) CA' O Pb.. (/) = r^BrOBr (/) O ^A. 

for every morphism / : A — > A' in BrBialg^ *•£• f A : PbiA — > ilBr^BrA is natural in A. 





A^»yi 


g) A 






l{A(SuA)r^^ + (uA(g)A)lj^^]®A 


CA 




' ' 


A^Aa 


K) A 


^- 
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Proof. Note that, using Definition |3.2| , we have 

(P (A) , CA) := (P (A, A^, e^, ua) , C (A A^, e^, u^)) . 

For sake of shortness we just write P instead of P (A) . Let us check that the braiding of A 
induces a braiding on P. To this aim, first consider the following diagram. 

fA(g>A , , Aa^A 

Pi^i A ^ 4 (% 4 — — j- /I eg) /I eg. /I 

(ca<SA){AiS>ca) 

Aig) P '-^^^^^^ — a- 4 (% 4 — ' " — j- A(^ A (^ A 

A(g,[{A(g)UA)r2^ + {uA«>A)l~^] 

Note that (A, A^, eatCa) is a braided coalgebra whence we have that ( [lO| ) holds. Moreover, using 
the equalities r^^ (8)^ = A® l^^ and l^^ (g) A = Z^^^, (||), the naturality of /~^, the equalities 
A (g) r^^ = r^^^ and l^^^ — ^A^ '^ ^' ^^^ naturality of r^^, (||), the equalities r^^^ = ^"^ ^^^ 
and r^^ (8) A = A (g) /^^, we get 

{cA A) (A ca) { [{A ® ma) r;^^ + {uA ® A) l^'^] ® A} 
= {A(E)[{A(g)UA)r^'^ + {uA<E)A)lJ'^]}cA■ 
}ience the diagram above serially commutes. Since the tensor product preserves equalizers, the 
bottom fork of the diagram is an equalizer so that there is a unique morphism cp^A '■ P(E)A — >■ A'S)P 
such that 

(49) (A (g) ^A) o cp^A = CAO (^A ® A) . 
Similarly there is a unique morphism ca,p : A® P -^ P ® A such that 

(50) (^A ®A)o CA^p = CAo{A(g) ^A) . 
Consider the following diagram 



Aa«)P 



p®p ^ >-P®A 



CA®P 



P<®P ^AigP — r 4 (g) 4 (8 P 

iUA)r2^+iuA(»A)l-^]®P 



Using (^, (^, the equahzer defining ^A, (|50|), (^) we get 

{A®A®£_A)o {Aa ®P)o cp^A o{P(g: ^A) 

= {A®A®^A)o{[{A® ua) r-j^ + (ua ® A) 1^^] ® P} o cp^A o (P ® i^) 

so that 

(Aa ® P) o cra o (P ® ^A) = { [(A ® ua) r^^ + (ua ® A) l^^] ® P} o cp^a o (P ^A) . 

Hence there is a unique morphism cp : P (g) P —¥ P ® P such that 

(51) (CA (g) P) o cp = cp^A o (P ® CA) . 

Using (|l]) and (^) one gets (^A ® C-'^) cp = ca {£,A (g) ^A) so that (^) holds. Note that, since 
CA (g) CA is a monomorphism, the morphism cp is uniquely determined by (|46|). 

Since (A, toa, ua, Aa, ea, ca) G BrBialg^ we have that (|lO|), (||) and (g) holds. If we write these 
equalities with respect to c^ , we get 

{A g) c^^) (c^^ g) A) (A g) Aa) = (Aa g) A) c^^, 

(c;^^ g) A) (A g) c^i) (Aa g) A) = (A g) Aa) c;4\ 

(wa g) A)/;^^ = 0^4^ (A g) ua) r-;4\ (A g) UA)r^^ = 0^4^ (ua g) A) l^\ 
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Thus c^ fulfills the same equalities that we used for ca in the computations above. Hence, the 
same argument entails that there is a morphism c'p : P (^ P ^ P ^ P such that 

Thus (^A ® $A) c'pcp = 0^4^ ($A ® ^A) cp = c^^ca (^A ® ^A) = (^A <E ^A) and hence CpCp = 
Idpigip. Similarly cpc'p = Idp^p so that cp is invertible. Moreover using ( [46[) repeatedly and the 
fact that Cyi is a braiding, one checks that 

(^A (g)^A(E) CA) {cp (E)P){P(E) cp) {cp ® P) = (^A ® ^A (g) ^A) (P (g) cp) {cp (g) P) {P (g) cp) 

so that {cp ® P) [P ® Cp) {cp g^ P) = {P g) Cp) {cp g) P) {P (g cp) which means that cp is a braid- 
ing. Note that (EgI) means that ^A : P — > A is a morphism of braided objects that will be denoted 
by ^A : (P, cp) -^ {A, ca)- Let / : A — > A' be a morphism in BrBialg^ and consider the following 
diagram 



P(A) 



P(A') 



-^A: 



{At^UAJr^^ + (UA0A)1 / 



:A> 



■A' 



:^A' 



)A 
)A! 



{A' ®UA')r j^ + [ua,®A')1 j^ 

Using (/ (g) /) (A (g) ua) rj^ = (A' g) UA')r^}f and (/ g) /) {ua g) A) l^^ = {ua' ® A') l^lf we get 
that the diagram above serially commutes. Therefore there is a unique morphism P (/) : P (A) — !> 
P(A') such that (H?]) holds. Using @, @, the fact that / is braided, (H?]) and @ wc arrive at 
(CA' ® CA') (P (/) ® P (/)) cp(A) = (CA' ® CA') cp(A,) (P (/) P (/)) so that (P (/) ® P (/)) cp - 
cp' [P if) ® P if)) which means that P (/) : P (A) — > P (A') is a morphism of braided objects. 
This way we get a functor 

Per : BrBialg^ ^ Bvm : A ^ {P (A) , cp^^^-^) J ^ P (f) . 

By the foregoing we have (Bl) holds. D 

We now investigate some properties of Tbi- 

Lemma 3.4. Let Ai a preadditive monoidal category with equalizers and denumerable coproducts. 
Assume that the tensor functors are additive and preserve equalizers and denumerable coproducts. 
By Proposition 3. 1 , the forgetful functor Hbf ■ Br Alg^ — ^ Br_A4 has a left adjoint Tsr : Br^ ^■ 
BrAlg_y^. For all B G BrBialg_^, since Tpr {V, c) £ BrAlg^ we can write it in the form Per {Vi c) = 
(^, m^, UA, Ca)- Regard A ® A as an algebra in M. via mAtii,A '■= {inA ® f^A) (A g) ca g) A) and 
UA(S>A '■= (uA (S) Ua) Ai. For every n G N, denote by ttnV : 1/®" — ;> QTV the canonical injection. 
Then there are unique algebra morphisms Aa : A ^>- A® A and Ea '. A ^ 1 such that 



(52) 
(53) 



AaOOiV = Sy+Sy, 



where S 



EAOCtlV = 0, 

{ua g) ctiV) o ly and Sy :— {aiV g) ua) ° ry . Moreover 

(54) ea o anV — SnflUi, for every n G N. 

The datum (A, hua, ua, Aa, £a, ca) is a braided bialgebra. Moreover Tbi- : Br^ 
the functor 

Tbi- : Br^ -^ BrBialg^ 

{V,c) ^ {T^T^,{V,c),At,£t) 

f ^ TBrif). 

SO that the following diagram commutes. 



BrAlg_^ induces 



{A,mA,UA,AA,eA,CA) 



(55) 



BrBialg^ 



BrAlg 



M 



Br 



M 
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Proof. By Proposition 3.1, the unit rj^^ and the counit esr of the adjunction (Ter, ^Br) are uniquely 
determined by (p3|). Moreover the diagrams ( p4| ) commute. Given {V,c) £ Br^, then Tbi iV,c) 
becomes an object in BrBialg^ as follows. For all B £ BrBialg^, consider the canonical isomor- 
phism 

$ ((F,c) ,IB) : BrAlg_^ (Tb^ (l^,c) ,1) ^ BrA4 i{V,c),nBr (»)):/ -^ ^Br (/) o %, {V,c) . 

Since Tbi- (V, c) G BrAlg^ we can write it in the form Tb^{V,c) ~ (j4,m^, u^i, c^i). By Lemma 
2.3 , {B,mB:UB,CB) e BrAlg_;y^ where B :— A ^ A,mB ■= {niA® mA) (A® ca® A) ,ub '■= 
{uA €5 ua) Ai and cb '■— (A ca ® A) {ca ® ca) (A iSi ca <Si A) . 
In particular we have the morphisms 

$ ((y, c) , (B, TUB, UB, cb)) ■■ BrAlg^ {T^r {V, c) , (B, ms, ws, cs)) ^ BrA4 ((V", c) , {B, cb)) , 
$((F,c),(l,mi,7/i,ci)) : BrAlg_^(TBr(F,c),B)^Br^((T/,c),(l,ci)). 

where ci = Idi^i. Note that 

(56) i7?7Br {V, c) *tel^ r/iJ (F, c)^riV = aiV. 

Let us check that Sy is a morphism of braided objects. Using in the given order the definitions of 
Cb and Sy, (H) twice, the equality l^^CSiA = ^^^^, the naturality oil~^, the equality IaLa ~ '^^"X"^, 
the equality ta® A = A^Ia, the naturality of /~^, (^), the equality l®lA = ri®A, the equality 
ri = ^1, the naturality of r, the equality ry (g) F = V (^ Iv, the naturality of l~-^, the equality 
( p6| ) twice, the equality Ia^i = Ia^ ® 1, the fact that tiq^ (^, c) is braided, the equality (^^ twice, 
the equality r^^ (gi A = A (gi l^^, the naturality oi l~^ and the definition of 6y, we arrive at 
Cb [Sy ® 5y] = ( (5y Sy 1 c. Aualogously one gets the equalities cb {Sy ® Sy) — (Sy iS) Sy) c, 

Cb [Sy ® Sy] = [Sy ® Sy] c aud Cb [Sy iS) Sy] = [Sy ® S^j c. By means of these equalities one 

easily gets cb 



[S'y + S^y) ® (^S'y + 5^) ] = [{s'y + S^y) (^S'y + S'y)] C. ThuS S'y + 5\r : V 

i;l I xr . nr „\ V /D „_\ ;„ T3,. . „,,„1, +!,„+ zj I xl < xr \ _ xl 



B 



defines a morphism 5y + Sy : iV, c) — > (B, cb) in Br^^ such that H [Sy + Sy \ = Sy + 5y. Hence 
we can set 

At : =^{{V,c),{B,mB,UB,CB))'^ Uv + S\/\ e BrAlg^ (Tb^ (F,c) , (B, ms, ub,cb)) , 

ET ■■ =$((V^,c),(l,mi,?/i,ci))"'(0)eBrAlg_^(TBr(F,c),(l,TOi,ui,ci)). 

Moreover we set 

A.A '■— H^Br^T and ea '■— HSIbi^t- 



We havi 



Aa o aiV H^BrAT o B77b. (^, c) - if (riBr At o rj^,^ {V, c)) 
if ($ ((T/, c) , (B, niB, UB, cb)) [At]) = H (s'yTs^^ - 5^ + ^y , 

EAoaiV H^Brer o ^773,. (F, c) = B {^b.st o ^r (V^> c)) 
= B ($ ((F, c) , (l,mi, ui, ci)) [et]) = B (0) = 



so that we get ( |52D and (|5^). Note that, since the tensor algebra functor is a left adjoint of the 
forgetful functor and aiV — rjV, the unit of the adjunction, we have that the algebra morphisms 
A^ and ea are uniquely determined by (^2|) and (|5^). 
For every n > 0, we have 



EA ° otnV ^ EA° mnrv ° (an-iV ® aiV) = (e^ ® ea) o {an-iV (g) aiV) = 
where we used that ea is an algebra morphism. Moreover ea ° ckqV = ea° ua = Idi. Thus we get 

O.r 

"a 



that (^41) holds. Using (|42|), (b4|), the naturality of r, the equality ry(SnCjl^ = lyts^ (which holds 
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since construction cj^ fulfills (35)), the naturality of I and (pi]), we get 

TA {A ea) ca {araV ® UnV) = Ia [s A ® A) (tt^F (g) a„V) 

Since this holds true for every m, n, we obtain that r^ {A e^) c^ = Ia {^a ^ ^). Analogously one 
gets I A {£a 'S> A)ca = rA (A (g) £^) so that ( pi] ) is proved. Note that Id^ : A — >■ ^4 and Ea '■ A ^ 1 
are morphisms in BrAlg_;y^. Moreover {Ai,A2,C2^i) and (^2, ^i, C1.2) (respectively (^'^,^2,02.;^) and 



(^2) ^11^12)) fulfil the requirements of Proposition p.2[ -2) for A2 = Ai = A and Ci.j — CAjhJ G 



{1,2} (resp. for A[ = A, A'^ ^ 1, c^^i = r^'^A,c'i^2 = U' 
by the foregoing, we have 



a''>^a, 4^2 = Idi®i,ci 1 



ca)- Moreover, 



{A«,eA)c2,i=c'2i{eA«'A), {eA«>A)ci^2 



'1,2 



{A^ea) 



Thus, by Proposition 2.2-3) applied to /i :~ Ma and /2 := Cyi, we can conclude that T ® st 
is a morphism in BrAlg_^. Thus we have that {T ® et) ^t is a morphism in BrAlg^. One 
also checks that ta : A ® \ ^ A is a, morphism in BrAlg_^. Thus we can denote by tt the 
morphism ta regarded as a morphism in BrAlg_;y^. In other words HflBv^T — ta- Thus we have that 
TT [T ® et) At : T ^ T is a morphism in BrAlg^. We have to check that rr {T (g) et) At — Idr- 
Since the two sides are in BrAlg^ {Tbi {V,c) , Tbi {V,c)) we have to prove that 

$ {{V, c) , TBr {V, c)) [rr (T ® et) At] = $ ((F, c) , Tb^ (V, c)) [Idr] 

or equivalently 

(57) i?$ ((F, c) , TBr {V, c)) [rT (T «> et) At] = i/$ ((^^, c) , Tb,. (l^, c)) [Idr] - 
Note that for any braided algebra morphism ^ : T ^ U, we have 

i/$ ((F, C) , U) (CAt) = i/ {r!B,. (CAt) r?Br (^^, C)} = iJf^Br (0 i^ {^Br (At) VBr (V, c)} 

= HnBAOH s[r-\ 

so that 

(58) i/$ ((!/, c) , [/) (CAt) = i/f^Br (C) 
The left-hand side of 



HnBriOiS' 



for any ^ : T ^ [/ in BrAlg_;^^. 



IS 



(i) 



© 



i/$ {(V, c) , TBr (F, c)) [rT (T £t) At] ® il^Br [r-T (T ® £t)] (-51. + 6 

TA {A ® £a) ((51. + Sy'j ^rA{A(^ ea) {ua «> aiV) ly^ + r^ (A £a) {aiV ® u^) ^ 

r^ (aiF ® 1) r^i = {a^V) vyVy^ = aiF © H^^^ (F, c) 



= i/$((T/,c),rB,(t/,c))[IdT] 

so that tt {T ® Et) At = Wt- Similarly one proves that It [et ® T) At — Wt- By construction 
IS-A is a morphism of braided algebras so that (A^ A^) ca = c^®a (A^ ® A^) i.e. 

(Aa ® Aa) ca = (A «) ca g) A) (ca ® ca) {A®ca® A) (Aa ® Aa) . 

If we apply [A® A®rA{A® ea)) we get 

(Aa ®rA{A® £a) Aa) ca = (A ® ^ ® ^a (A ea)) {A®ca® A) [ca ® ca) {A®ca® A) (Aa ® Aa) 

The left hand side is (Aa ® A)ca- Using equality A®rA = fA^A^ the naturality of r, the equality 
rA(g)A = A®rA, equality (pTJ), equality A(ijlA = rA®A, equality (pTJ), equality A®Ia = rA®A and 
equality ta [A® ea) Aa = Wa, we see that the right hand side is [A® ca) [ca ® A){A® Aa) ■ 
Hence we get (||). Analogously one gets (|lO|). 

Note that Wa : A ^ A and Aa : A ^ A® A are morphisms in BrAlg^. Moreover (Ai, ^2,02,1) 
and (A2,Ai,ci^2) (respectively {A'i,A'2,c'2a) and (Aj, A'^, c'^ 2)) fulfil the requirements of Propo- 
sition 11^2) for A2 = Ai = A and Cjj = CA,i,j e {1,2} (resp. for A'^ ^ A, A'2 ^ A ® A 
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and 



'2,1 



{cA (E) A){A^ ca) , c'12 = (^ ® ca) {ca ® A) , c[i = ca, 4,2 = CA(g)A see Lemma p.3[ ). 



Moreover, by the foregoing, we have 

(A® Aa)c2,i = 4,1 (Aa®^) and (A^ ® A) ci,2 = 4,1 (A ® A^) • 

Thus, by Propositfon ^.2[ -3) apphed to /i := Id^ and /2 := Aa, we can conclude that T At 
is a morphism in Br Alg^ . Similarly At CE> T is a morphism in BrAlg^ . We have to check that 

(r ® At) At = (At (Xi T) At- Equivalently we will prove that 

(59) iJ$ {{V, c),T(g)T(g)T)[{T(g, At) At] -= H^ {{V, c) ,T (g)T (g)T) [(At ® T) At] • 
If we apply ( pSJ ) for ^ = T (X) At, the left-hand side of ( |5^ ) becomes 

i/$ ((F, c) , T X) T T) [(T ® At) At] ^^ ff rier [(T » At)] [s'y + 6'y') 

{A X) Aa) (s'y + Sy") = (A (K) Aa) {ua ® aiV") /^^ + {A(g> Aa) {aiV ® ua) ry^ 

(uA ® ((5^ + (5^) ) /^^ + (ai V^ «> (uA <S> ua) Ai) r^^ 

_ ' {uA<8)UA<E) aiV) (1 (g) Zy^) ly^ + {ua aiF ® u^) (l ^ r^^) ly^+ ' 
~ _ +(aiF®MA«'WA)(^® Ai)r^^ 

If we apply (m) for ^ = At ® T, the right-hand side of (B3) becomes 

i/$ ((V^, c),T®T®T) [{At ® T) At] ® i/^iBr [(At ® T)] (d'y + S'y^ 

{Aa ® A) ^(5^ + S''y\ = {Aa ® A) {ua ® aiF) /y^ + (A^ ® A) (aiP" ® ua) Vy^ 

{{ua (E> ua) Ai (g) aiV) ly^ + ((^^ + (5^) ® ua) Vy^ 

{ua ®UA® ai^) (1 ® ?y^) /y^ + {ua ® OtlV ® ua) (1 ® Ty^) ly^ + 

+ {aiV ®UA® ua) {V ® Ai) Ty'^ 



(B 



© 



where the last equality depends on the definitions 5y and 5y, and on the relations Ai ®V = 



V ■ 



•ly\ {ly'®l)ry' 






(1 (g) Ty^) ly^ and Ty^ (g) 1 = P" Ai. 



We have so proved that {T cg At) At — {At ® T) At- Thus (A, uia, ua, Aa, sa, ca) is a braided 
bialgebra. 

Let / : (V, c) — > (V^',c') be a morphism in Br,A4- Let us prove that Tbt {f) is a morphism 
of braided bialgebras. We know that Tbi (/) is a morphism in BrAlg^. We have to check that 
T (/) — HflBrTBi (/) is a morphism of coalgebras i.e. that 



(r(/)®r(/))oAT(y) 

£t(V') °T{f) 



At(v') °T{f), 
£t(v)- 



Take A := r(F) and A' := T {V) . Note that T (iJ/) : T {V) -^ T {V) and T (i?/) : 
T {V) —i' T {V') are morphisms in BrAlg^. Moreover (Ai, yl2,C2,i) and (^2,^1,21, 2) (respectively 
{A'l, ^2, 4 1) and {A'2,A'i, 4 2)) fulfil the requirements of Proposition p.2[-2) for A2 — Ai = A and 



Ci,j — CA,i,j e {I72} (resp. for A2 — A[ = A' and 4., = CA',i,j £ {li2}, see Proposition 2.2). 



Moreover, since T {H f) = HflBiTBi (/) and flBiTBi- (/) is a morphism of braided objects, we have 
{T{Hf)®T{Hf))c2,i = c'2^,{T{Hf)®T{Hf)), 
{T{Hf)®T{Hf))c^,2 = ci,2(r(/)®r(ff/)). 
Thus we can conclude that Tsr (/) ® Tbx (/) is a morphism in BrAlg^. We have to check that 

(Tb, (/) ® Tb, (/)) o At = At' o Tb, (/) 
as morphisms in BrAlg^. Equivalently we will check that 

iJ$ {{V, c),T®T) [{Tb, (/) «. TBr (/)) o At] = H^ {{V, c) ,T ®T) [At' o Tb, (/)] . 
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The left hand-side is 

iJ$ [[V, c),T®T) [(TBr (/) ® Tb.. (/)) o At] ^ Hf^sr [[T^r (/) ® Tb, (/))] (S'y + 5\,) 

= (nr {Hf) (g> nr {Hf)) {ua ® a^v) ly^ + {nr {Hf) ® nr (h/)) {aiV (g> ua) r-^ 

^ (uA' ® aiV) (1 ® Hf) ly^ + {aiV (^ UA') (H f ® 1) r^^ 
= {ua- ® aiV) ly}Hf + {a.V (g> UA')ry}Hf = [s'y, + 5'y,) Hf. 
The right hand-side is 

H^ ((y, c),T(g>T) [At' o TBr (/)] - H {ilBr [At- o Tb,. (/)] ?7Br (V, c)} 
= H {Ob.. [At']}H {ilB^TBr (/) rfe (^, c)} = iJ {f^Br [At>]}H {r^^^ [V , c')} Hf 
= [s'y,+d'y,)Hf. 

Hence the two sides coincide. We have proved that Tbi (/) is comultiphcative. Let us check it 
is counitary i.e. that et' ° Ibj. (/) = £t holds in BrAlg^. Equivalently we have to prove that 
$ {{V, c) , 1) [sT' o TBr (/)] - $ {{V, c) , 1) [st] ■ We have 

$((y,c),l)[£T'OrBr(/)] = nBr[eT'0TBr{f)]VBAV,c) 

= nBr[eT']{nBrTBr{f)VBriV,c)} 
= nBr[eT']VBriV',c')f = = 

= nBr[eT]VBAV,c)^'PiiV,c),l)[eT]. 
By construction we have that diagram (p5^ commutes. D 



Next aim is to check that the functor Pbi- : BrBialg_;y4 -^ Br^n of Lemma p.3| is a left adjoint of 

^Br- 



Theorem 3.5. Take the hypotheses and notations of Lemma 3.5 i.e let Ai he a preadditive monoidal 
category with equalizers and assume that the tensor functors are additive and preserve equalizers. 
Assume also that the monoidal category M. has denumerahle coproducts and that the tensor functors 
preserve such coproducts. Then 

(Tbi- : BrA^ -^ BrBialg^, , Pbi- : BrBialg^ -^ Bym) 

is an adjunction. The unitrJB^- and the counitlBi ore uniquely determined by the following equalities 

(60) ^TBrOrJB, = ??Br> 

(61) eBrOBrOTBrC = OBrEBr, 

where {V, c) G Br^ , B £ BrBialg^ while tjb^ and ebi- denote the unit and counit of the adjunction 
(TBn^Br) respectively. Moreover OBr : BrBialg^ -> BrAlg^ denotes the forgetful functor. 

Proof. Let {V,c) e Btm- Let A :— rBr(V^,c). Write A := {A,mA,UA,AA,eA,CA)- Consider the 
equalizer 

P (A) — ^ ^ A ; A® A 

Note that the codomain of r^Br i^i c) is ^Br^Br {V, c) = {A, ca) so that it makes sense to check if 
-^^Br {V,c) : V ^ A is equalized by the pair (A^, {A ® ua) r^ + {ua ® A) l^) . We have 

[{A ® ua) o r^^ + {uA A) o l^^] o Hr]Br {V, c) 

® [{A (g) ua) o r^'^ + {uA <E> A) o l^'^] o aiV 
= (aiV ® ua) o ry^ + {ua •S) aiV) o ly^ 

= S'y + S'yQ AAoa,vS>AAoH^BriV,c). 
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By the universal property of equalizers, there is a unique morphism rj^^. (V, c) : V — s- P (A) such 
that 

(62) ^Aor]^^.{V,c) = HTj^,{V,c). 
We have 

(eA®eA) o cp(A) o (77b, (V, c) %, (V, c)) ^'' CA o (^A^^A) o (rj^^. {V, c) rj^r (V, c)) 
= CA o (i?77B, (F, c) ®iIr7Br (V^, c)) = (il77Br (V, c) ®Hr)^, {V, c)) o c 

= (CA^^A) O (T^Br (V^, C) ^Br (V^, c)) O C 

and hence 

Hence rj^^ (V, c) induces a morphism of braided objects that we denote with the same symbol, 
namely ^Br i^, c) : {V, c) ^ {P (A) , cp(a)) • 

Let us check that rj^^ {V, c) is natural in {V, c) . Let / : (V, c) —> (F', c') be a morphism in Br^. 
Then 

CTer (^', C') O FBrTBr (/) O %, (1^, c) 
© l^Br^BrTBr (/) O ^^Br (1^, c) O jyBr {V, c) 
© f}BrTBr(/)0 77Br(^,c) 
= Vb. {V, c') O / B ^Tb. (F', c') O TyB, (F', c') O / 

and hence PBr^Br (/) o ?7Br (^j c) = 77Br (^'; c') ° / which means that ^^ (V^, c) is natural in {V, c). 
A similar argument holds for ^A so that we have proved (|60|). 

The morphism ^Br (^jc) will play the role of the unit of the adjunction (TBr,i^Bi)- Let B :— 
{B,mB,UB, ^Bt£b,cb) G BrBialg^ and consider the canonical isomorphism 

$ (PBr (B) , UBr (B)) : BrAlg^ (Tb^Pb.- (B) , OBr (B)) ^ BrA4 (^Br (B) , riBr^Br (B)) 

/ ^ r!B,.(/)o,7Brftr(B). 

Define the morphism CB := $ (Fsr (B) , Ob,- (B))"^ (P). This means that 

(63) ilBr (CB) O 77Br-PBr (B) = ^B. 

Set CB := if ^Br (CB) = ^^Aig (CB) : TP (B) -^ B. Note that 

CB O T^P (B) 'i^ iJf^Br (CB) O i?77Br-PBr (B) 
= H [^Br (CB) O T^Bri^Br (B)] ^^^ i^CB 

so that 

(64) (B o rjP (B) == H^K. 
We will check that 

(65) As o CB = (CB (B) o Atp(b) • 

The morphisms above are in particular algebra maps. Since (T, J7) is an adjunction, the equality 
above holds if 

Abo (Bo r]P (B) = {(B g) C^) o Atp(b) o J?B (B) . 
The first term is 

Abo (Bo r]P (B) W Ai3 o H^M 
= {{B(E)UB)rB^ + {uB(E)B)lg^)oH^M. 

On the other hand, using, in the given order, (||), ([5^), the definitions of ^p(B) and (5p(B)i (@)i ( p^ ) 

and the naturality of the unit constraints, we obtain that the second term is [{B (E) ub )r^ + [ub ® B) l^ ) o 
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H^M. Thus ( pq ) holds true. Now we will prove that eB°CB = £otp(b) ■ Since (T, Q) is an adjunction, 
the equality above holds if 

eboCBo jyP (B) = enTP(M) ° VP W ■ 

EBoCBo nP (B) © SB o H^n ^=^ ^^ enTPm o 77P (B) . 
In order to prove (*) we proceed as follows. Consider the equalizer 

P (B) — ^ ^ B ? B®B 

By applying mi o [eb ® £b) we get 

mx o {eb «) Eb) o As o P = TOi o {eb <E) Eb) o [{B ub) r~^ + {ub <E) B) l~'^] o ^B. 
The left hand-side is 

TOi o (eb ® Eb) ° As o ^B = mi o (e^ ® 1) o (_B (g) e^) o As o ^B 

= mi O (eb ® 1) O 7'^"'" O ^B = ?71l O Tj^"'" O £5 o ^B = £b o ^B 

The right hand-side is 

mi o {eb <S) eb) o [{B ® ub) Tg^ + {ub «> B) Ig^] o ^B 

= mio [(es 1) r^i + (10 65)^^1] o^B 

= mio [ri^es+^j^^es] op = 2£i3op 

Hence we get Eb °£fi> ^ 2£b o SM and hence e^ ° C^I^ = ^is required. Thus (*) is proved. Summing 
up, we have proved that (B : TP(B) — > i? is a coalgebra morphism. Since (B :— HHq^. {(M), we 
also know it is a morphism of algebras and braided objects so that there is a unique morphism 
CBrB : TP (B) ^ B in BrBialg^ such that 

By definition of CB, we have 

^Bri^Br (fBrB) O r]Q^.PB, (B) = ^BrCB ° 7?Brftr (B) ^ ^B 

Observe that eeiB is uniquely determined by the last equality. Note also that 

(66) CBr^BrB O TBr^B ^ $ (Per (B) , OgrB)"' (P) = (B = ^Br (cBrB) . 

Let us check that ebi-B is natural in B. Let / : B ^- B' be a morphism in BrBialg_;y^. Then 

OBr [cBrB' O TBr^Br (/)] "S' eBrOsrB' O Tb^P' O TBrPsr (/) 
^ii' EBri^BrB' O TBrl^BrOsr (/) O TBr^B 
- ^Br (/) O eBrOsrB O Tb^P S Osr [/ O EBrB] 

Since Osr is faithful, we obtain ebi-B' o Tbi-Pbt (/) = / ° CBrB so that eBi-B is natural in B. Thus 
( pq ) implies that (p^) holds. 

Let us check that (Pbi-, Pbt) is an adjunction with unit T^Br ^'^d counit ebi-. We compute 

CB O PBrEBrB O 77Br^BrB ^ r^Br^^BreBrB O ^PBrftrB O ^Br-^BrB 

'^ r^Br^BrCBrB O TyBr^BrB ^^ l^BrCBr^BrB O r^BrTBrCB O ryBr^BrB 
= f^BrEBrOBrB O TyBrf^Br^BrB O ^B = ^ 

Since ^B is a monomorphism, we get PBi-CBrB ori^^.PBrM = Idpg^a- We have 

^Br [cBr^Br ° TBrVBr] " eBr^Br^Br ° T^r^TBr O TBrV^r 
- eBrTBr ° JBr?/Br = Wtb, = ^Br [W^bJ ■ 
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Since Ubi- is faithful, we get eBi-TBr ° TBirJ^^ — Idj^ . D 

Proposition 3.6. Let Ai and M' be preadditive monoidal categories with equalizers. Assume that 
the tensor functors are additive and preserve equalizers in both categories. Let (_F, 0q,(/)2) : Ai — > 
A4' be a monoidal functor which preserves equalizers. Then the following diagram commutes, where 
BrBialg-F andJirF are the functors of Proposition 2.5. 

BrBialg_F 

(67) BrBialg^ ^ BrBialg^, 



Pb 



4 I^B, 



Bl'jVl ^ BlTK' 

Moreover we have 

(68) C' (BrBialgF) = (BrF) ^ 



Proof. By Lemma 3.3, for any A := (A, rriyi, u^, Ayi,e^, ca) £ BrBialg^ we have that Pbi-^ = 
(P (A) , Cp(^j!^^) where P (A) is the equalizer 

P (A) — ^ s- A ? A(E)A 

and cp(^j!^) is defined by ([iq). We have 

(F^, o BrBialgF) (A) = P^, ((BrBialgi^) (A)) 

= {P' ((BrBialgF) (A)) , Cp-((BrBialgP)(A))) 

where 

{P' ((BrBialgF) (A)) , ^' (BrBialgi^) (A)) 
= [P' {{FA, mpA, UFA, ^FA, £fa, cfa)) , C' {FA, mpA, upA, ^fa, £fa,cfa)) 
= Equ^, {ApA, {FA ® Up a) r-\ + {upA ® FA) l'^) 

= Equ^, (02 {A A) ApA, (/)2 {A, A) {FA (g) upa) rp\ + 02 {A A) {up a ® FA) lp\) 
= Equ^, {FAa,<P2 {A, A) {FA ® Fua) {FA ® 0o) rp\ + 02 {A, A) {Fua ® FA) (0o ® FA) lp\) 
= Equ^, {FAa,F {A ® ua) 02 {A 1) {FA ® 0o) rp\ + F{ua(S A) 02 (1, A) {cf^^ ® F^) lp\) 
= Equ_;vi, (FA^, F (A ® u^) F (r;4i) + F (u^ ® ^) F {l^^)) 
= F (Equ_vi (Aa, {A (K> ua) r;4i + {uA ® A) ;;4i)) 
= ((F o F) (A, m^, MA, Aa, sa, ca) , F^ {A, tua^ua, Aa, sa,ca)) 
= (FF(A),FeA) 

and cp((BrBiaigF)(A)) fulfiUs 

(^' (BrBialgF) (A) ® e' (BrBialgF) (A)) o cp,((BrBiaigF)(A)) 
^ Cfa o (^' (BrBialgF) (A) « ^' (BrBialgF) (A)) 
= cpA o (F^A (g) F£,A) = 0^^ {A, A) o Fca o 02 (.4, A) o (F^A F^A) 
= 02^^ {A, A) o FcA o F (^A ® ^A) o 02 (F (A) , P (A)) 

8 02-1 {A, A) o F (CA CA) o Fcp^j,^ o 02 (F (A) , F (A)) 

= (FCA ® F^A) o 02-1 (F (A) , F (A)) o Fcp(A) o 02 (F (A) , F (A)) 

= (C' (BrBialgF) (A) ® C' (BrBialgF) (A)) o 02-^ (F (A) , F (A)) o Fcp(A) o 02 (F (A) , F (A)) 
so that 

Cp'((BrBialgF)(A)) = 02^' (^ (A) , F (A)) O Fcp(A) O 02 (F (A) , F (A)) . 

Summing up we get 

(F^,, o BrBialgF) (A) = (F' ((BrBialgF) (A)) ,cp,((BrBiaigF)(A))) 
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= {FP (A) , 02-1 (P (A) , P (A)) o Fcp(A) o </)2 (P (A) , P (A))) 

= (BrP) (P (A) , cp(A)) = (BrP o Pb,) (A) . 

We have so proved that (Pg^. o BrBialgP) (A) = (BrP o Pbi-) (A) . Let us check that the two 
functors coincide also on morphisnis. Let / : A — > A' be a morphism in BrBialg_y\4. In view of 



Lemma 3.3, P(/) makes the diagram 

P (A) — ^± *- A : 



P (A') - 



(A®UA)rj^^ + (uA®A)l 



:^A®A 



f 



f®f 



■A' 



{A'®UA,)rJ + {uA,®A')lJ 

commutative. If we apply F we get the commutative diagram 



:tiA' ®A' 



FP( 



FPU) 



■ FA ? P(yl ® A) 

F(A(lmA)Fr^^+F(uA<»A)Fl-, ' 
Ff 



FP (A') ^^'^' . FA' 



FA, 



F{f»f) 



j- F{A' ® A') 

F{A'0UA/)Fr^}+F[uA/«iA')Fl~l 

Composing as above with 02 {A\A') we get the commutative diagram whose rows are equalizers 



PP(A) 



F^A 



■FA 



Af 



FPU) 



FP (A') 



F^A' 



r FA ® FA 

(FA(lmFA)r-\ + {uFA<^FA)l 
Ff 



'fa 



A, 



Ff^Ff 



FA' 



iS FA' (g) FA' 



{FA'li^UpA'ypA' + {"FA''»FA')l^\, 



Hence 



(P^, o BrBialgP) (/) = P' (P (/)) ^ F (P (/)) = (P o P) (/) 
In conclusion, the diagram in the statement commutes. Moreover ( p8|) holds. 

4. Braided Categories 



n 



4.1. A braided monoidal category (A^, ®, 1, a, Z, r, c) is a monoidal category (A^,®,!) equipped 
with a braiding c, that is an isomorphism cjj.v '■ U giV -^ V (E>U, natural in U,V ^ Ai, satisfying, 
forallC/,T/,I^e7U, 

av,w,u ° cu,v^w ° au,v,w = {V ® cu,w) ° av,u,w ° i^uy ®W), 

"■w,u,v ° ^u<»v,w ° a^y^r = {cu,w 'S>V) oa^^-^yy o{U ®cv,w)- 

From now on we will omit the associativity and unity constraints unless needed to clarify the 
context. 

A braided monoidal category is called symmetric if we further have cv,u ° (^u.v — Idt/®v for 
every U,V ^ M. 

A (symmetric) braided monoidal functor is a monoidal functor F : M ^>- M' such that 

F {CU,V) O MU, V) = MV, U) O C^(c;).p(y) . 

More details on these topics can be found in jKa] , Chapter XIII]. 

Remark 4.2. Given a braided monoidal category (A4, (g), 1, c) the category Alg^ becomes monoidal 
where, for every A, B (z Alg_^ the multiplication and unit oi A® B are given by 

mA(SB ■■ ^ {■mA®mB)o{A(g)CB,A<^B) : {A(E)B)®{A®B) ^ A®B, 

UA(g,B ■ ^ {ua®ub) oli^ : 1 -^ A® B. 
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Moreover the forgetful functor Alg^ — !■ A^ is a strict monoidal functor, cf. [JS, page 60 



Definition 4.3. A bialgebra in a braided monoidal category {A4,®,l,c) is a coalgebra {B,A,e) 
in the monoidal category Alg^. Equivalently a bialgebra is a quintuple (A,m, u, A,e) where 
{A,m,u) is an algebra in A^, (^, A,e) is a coalgebra in A^ such that A and e are morphisms of 
algebras where A^ A is an algebra as in the previous remark. Denote by Bialg^^^ the category of 
bialgebras in M and their morphisms, defined in the expected way. 

Proposition 4.4. Let Ad be a braided monoidal category. Consider the obvious functors 

J : M ^ Br^H , Jaij : ^^m ^ Br Alg^ and Jsiaig : Bialg^^ -^ BrBialg^^ 

which act as the identity on morphisms and defined on objects by 

JV = {V,cv,v)., 
JA\g{A,mA,UA) = {A,m,A,UA,CA.A) , 

JBialg {B,mB,UB,AB,eB) = {B,mB,UB,AB,eB,CB,B)- 

Then J, JAig and Jsiaig are full, faithful and conservative. Moreover the following diagram 
commutes. 

(69) Bialg^ BrBialg^ Alg^ ^ BrAlg^ 

AlgA4 '-^^^^ BrAlg^ M Br^ 

Proof. It is clear that {V,cv,v) is an object in Br^vj- Moreover any morphism in A4 becomes a 
morphism in Br^vi with respect to the braiding of A4. Thus the functor J is well-defined. Let us 
check that J is full and faithful. For V,V' E M, 

BiM [JV, JV) = Btm {{V, cv.y) , {V\ cv'.y)) - M (F, V) . 

Using the naturality of the braiding in At, one proves that (A, m^, ua, ca.a) is a braided algebra 
in Ai for every algebra {A, tua, ua) in Al- Moreover any morphism of algebras becomes a morphism 
of braided algebras with respect to the braiding of AA. Thus the functor JAig is well-defined. Let 
us check that JAig is full and faithful. For (^,7tt,^, w^i) and {A' ,mA' ^ua') objects in Alg^, 

BrAlg_;^ (JAig(-4, mA,Uyi) ,JA\g{A' ,mA' ,ua')) 
= BrAlgy^i {{A,mA,UA,CA,A),{A',mA',UA',CA',A')) 
= A\gj^{{A,mA,UA),{A',mA',UA')) . 



By Definition 4.3, a bialgebra in A^ is a quintuple (B, mB,UB, As, es) where (B, uib, ub) is an 
algebra and {B, Ab,Sb) a coalgebra in At such that A^ and Eb are morphisms of algebras where 
B (S) B is an algebra via the braiding of Ai. Using the naturality of the braiding in Ai, one proves 
that (B, rriB, ub, Ab,Sb,cb.b) is indeed a braided bialgebra in AA. Furthermore any morphism of 
bialgebras / is indeed a morphism of braided bialgebras. Thus the functor Jsiaig is well-defined. 
Let us check that Jsiaig is full and faithful. For [BjIUBtUbt Ab,£b) and {B' ,mB' ,ub' , Ab' ,£b') 
objects in Bialg^vi, 

BrBialg^ ( Jsiaig (-B, ruB^UB, Ab,£b) , ^Biaig {B' , tub'^ub', Ab',£b')) 
= BrBialg^ {{B,mB,UB,AB,eB,CB,B) , {B' ,mB',UB', AB',eB',CB',B')) 
= Bialgy^i {{B,mB,UB,AB,£B) , [B' ,mB',UB', Ab',£b')) ■ 

The commutativity of the diagrams and the fact that J, JAig and Jeiaig are conservative are 
clear. D 
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Proposition 4.5. Take the hypotheses and notations of Proposition 3.1 and assume that Ai is 
braided. Then we have a commutative diagram 



(70) 



AlgA^ 
t\ 
M- 



JAlg 



BrAlg^ 
\r.. 



where J and JAig are as in Proposition 4-4- 
Proof. Set (T, mr, ut) := TV. We have 

{JAig°T){V) = JA\g{T,mT,UT 



(Tb,. o J) (V) 



(T, niT.UT, ct,t) , 
Tby {V, cyy) = (T, mr, ut, ct) , 



where ct is uniquely determined by (H2). Let us check that ct = ct,t- Since A^ is braided 
and anV : l^®" — >■ T is a morphism in M, we have that ct^t ° {ctmV a„F) = (a„F amV) o 
Cyismytsn. Since the tensor functors preserves denumerable coproducts, ct,t is uniquely deter- 



mined by this equality. Thus it will coincide with ct once proved that cy 
m,n € 



for every 



In view of Proposition 2.7, it suffices to check that cya 



®n fulfills the analogues 

of the equalities in that statement (which are fulfilled, by construction, by c™'"). For objects 
X,Y,Z eM, 



CX(S>Y.Z, 

rz\ 



{cx,z <S>Y)o{X® CY,z) 
ci,z o l'^ 

If we take X = F®', F = F®™ and Z = F®" we get 

Cl V®n O Z^^„ = 



(Y (g) cx,z) o (cx,y ^ Z) = cx,Ycx,z, 



cz,i or^^ 



l-r. 



Cy^l y^m^y^r. 



Cy®(i + m)^y»n, 



"y®! yS>(r. 



ySim 



Cyori.i o r 



y»„ 



V®" 



Hence, Cyg 



y»r 



to check that Cy« 



fulfills equalities of the same form of the ones defining c™'". Hence, in order 
y%-n. = c™'" we have only to prove that it holds for m,n d {0,1}. But this 

is true. Summing up we have proved that ct,t = ct and hence ( JAig o T) {V) — (Tsr o J) (V) . 

Moreover, for every morphism / in A^ we have (JAig ° T) (/) — T {f) — (Tbi- o J) (/) . Hence 

^Aig oT = Tbi- o J. n 

4.6. Let A^ be a preadditive braided monoidal category with equalizers. Assume that the tensor 
functors are additive and preserve equalizers. Let Bialg^ be the category of bialgebras in A4 and 
9 : Bialg^ -> 7W be the forgetful functor. Define the functor 

P := H o Per o JBiaig : Bialg^ -^ M 

For any B := {B, tub, ub, Ab,£b) G Bialg_^ we have 

P(B) - (i/ oFBrO JBiaig) (B)- (if oPb,) (JBiaig (B)) 

= H{P (JBiaig (B)) , Cp(,7,.^,J„))) = P (JBiaig (B)) 

= P{B,mB,UB,AB,eB,CB,B) = P(B,/\b,£b,ub) 



The canonical inclusion ^P {B, Ab, EbjUb) '. P {B, Ab,Sb, ub) -^ B will be denoted by 
we have the equalizer 



Thus 



Pi 



B . 



Af 



{B®UB)r g^ + {UB®B)1 g'^ 



.B®B 
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Proposition 4.7. Let A4 be a preadditive braided monoidal category with equalizers. Assume that 
the tensor functors are additive and preserve equalizers. Then we have a commutative diagram 



(71) 



./Bialg 



Bialg^ - 


s- BrBialg^ 


P. 


.P-Br 


M 


> Blji4 



where the horizontal arrows are the functors of Proposition 4-4- Furthermore 

(72) e^Bialg = Je 



Proof Let 



{B,mB,UB,/^B,£B) eBialg^. Then 

: {B, ruB: UB,AB,eB,CB,B) 



where cb,b is the braiding of B in A4. Looking at (4.6) and Lemma (3.3) we have PBrJBinig^ = 
(PB, cp) where (^B P) cp = cb,b (P P) and P : P (B) -^ B is the morphism of definition of 
the equahzer. Since £,M belongs to A^, it is compatible with the braiding so that (^ (g) £M) cp,p — 
cb,b {£,B> <E) £,V>) . Since the tensor functors preserve equahzers we have that £M (g) ^ is a monomor- 
phism and hence cp = cp^p. Thus Pbi- JBiaigB = (-PB, cp) = (PB, cp,p) = JPM. Let / : B ^ B' be 
a morphism in Bialg^. Then PBrJeiaig/ G Br^^ (Per^BiaigB, Pb,- JeiaigB') = Br^ (JPB, JPB'). 
By Proposition 4.4, J is full and faithful so that there is a unique morphism g : PB -^ PB' such 
that Jg — PBi-JBiaigf- By definition of P, wc have Pf — HPBrJBiedgf — HJg — g so that we get 
JPf = Jg = Psr-^Biaig/- This implies that Pbi- o JBiaig = J o P. 

Note that ^JBiaigB goes from PBr>/BiaigB to r^Bi-UBr^BiaigB. Now the first object is JPB. The 
second object is r^BrOBr ^BiaigB = r^BrJAigOB = J^UM. Thus CJBiaigB G BrA^ ( JPB, jr^OB) . 
Using again that J is full and faithful, we get ^JBiaigB — Ja for a unique morphism a. If we 
compose both sides of this equality by H we get a 
that iJ^ JBiaigB : 



Thus a 



H^JBiaigB. By ^^ and Lemma |3^ 
£_M and hence we get f JBiaig 



Je 



we have 

D 



4.8. Let Al be a preadditive braided monoidal category with equalizers. Assume that the tensor 
functors are additive and preserve equalizers. Assume further that M. has denumerable coproducts 
and that the tensor functors preserve such coproducts. By Remark |l.3| , the forgetful functor 
il : Alg^ — )► A4 has a left adjoint T : 7W — > Alg^. Let us check that T {V) becomes an object in 
Bialg^. Let V € M. and consider 

(PBr O J) (V) ^ Per (V, CV,V) ■ 

Denote this braided bialgebra by {A, ruA, ua, A^, e^, ca) ■ Note that 

T {V) = THJV ^ iJAigTBr J {V) 

^ iJAlgOBrTer J (V^) = {A, mA,UA) ■ 

Let us compute the braiding ca. We have 

[A,mA,UA,CA) = 15bA^^'^a,ua,Aa,£a,ca) 

= UBrTBrJiV) 8 TBr J {V) ® JAlgP (F) 
= {A,mA,UA,CA,A) 

so that CA = CA.A- Since {A,mA,UA, Aa,£a,ca,a) = iA,mA,UA, Aa,£a,ca) which is a braided 
bialgebra, it is clear that {A, tuatUa, A^, ea) is a bialgebra in M that will be denoted by T {V) . 
By construction we have 

(PBr O J) (F) = JBiaig (r(T/)). 

Let f : V ^ W he a morphism in M-. Then 

{TBr O J) (/) e BrBialg^ (jBlalg {TiV)) , JBlalg {TiW))) . 
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By Proposition [4.4| , we have that JBiaig is fuU and faithful so that there is a unique morphism 
T{f) e Bialg^ {T{V),T{W)) such that (Tsr o j) (/) = Jeiaig (T(/)) . In this way we have 
defined a functor 

T:M^ Bialg^ 
such that Tbi' o J = Jsiaig ° T. Thus we get the commutative diagram 

(73) Bialg^ ^^^ BrBialg^ 

M ^ Br^ 

Note that, by construction we have that (|52[) and ( |54| ) hold. We compute 

15T ~ i^Alg ^AlgOT ^ -ffAlgf^Br ^BialgT — i?AlgOBrTBr>/ 

(i ^^,^T3^ J a THJ = T 
so that the following diagram commutes. 

(74) Bialg^ ^ Alg^ 



^ M 

Let us check T is a left adjoint of the functor P : Bialg^ -^ Ai. 

Theorem 4.9. Let M. he a preadditive braided monoidal category with equalizers. Assume that 
the tensor functors are additive and preserve equalizers. Assume further that M. has denumer- 
able coproducts and that the tensor functors preserve such coproducts. Then we can consider the 
morphisms rj^^ and cbi- of Theorem 3.6 and the functor T of (uTqj. 



1) There are unique natural transformations rj : Um — ^ PT and eB : TP — > Idniaig^ such that 

(75) %,J = J77, 

(76) eSr'/Bialg = "/BialgE- 

2) The pair [T, P) is an adjunction with unit rj and counit e. 

3) The unit rj and the counit e are uniquely determined by the following equalities 

(77) er 0^ = 77, 

(78) eUoT^ = Oe, 

where rj and e denote the unit and counit of the adjunction (T, Q) respectively. 

Proof 1) LetVeM and B e Bialg_;vc Since Pb^Tb^JV '^ Pb.- JBiaig^V^ - JPTV, we have 

that rJB.JV G BrA^ {JV, PerTBrTV) = Btm {JV,JPTV) . Since TBi-PBr JBiaigB " TbtJPM ^ 
JsiaigTPM, we have that 

EBr JBialgB G BrBialg_vi (TBrPBr JBialgB, JBialgB) = BrBialg^ (jBialgTPB, JBialgB) . 

Now, by Proposition 4.4, both J and Jsiaig are full and faithful. Thus there are unique morphisms 
rjV -V ^ PTV and el : TPB -^ B such that tJb^JV = JrjV and esr ^BiaigB = JsiaigeB- Note that 
fjV ~ HJrjV ~ HrJBrJy so that rjV is natural in V. Let us check that eB is natural in B. Given a 
morphism / : B ^ B' we have 

Jsialg (eB' O TPf) = JBialgeB' O JBlalgTP/ ® CBr JBialgB' O Tb^ JP/ 

— EBr^/BialgB' O TBrPBr^/Bialg/ 
= JBiaig f ° fiBr^/BialgB = JBiaig f ° ^/Bialg^B = JBiaig (/ O eB) . 

Since JBiaig is faithful, we get eB' o TPf = / o eB so that eB is natural in B. 
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2) We compute 

J (Fe O TJP) © Per JBialgC o JrjP ^M PereBr Jsiaig o rJji^JP 
— ^BrEBr'/Bialg ° VBi^BrJEiiilg ~ -PBr-^Bialg ^^ JP- 

Since J is faithful, we obtain Pe o rjP = P. We also have 

^Bialg {fT O Trf) y JBialg^r O Tsr J?7 ^-^='-'^ CBi-ZBialgT ° Tbt:TJ-q^J 

Q-Tp T 7f^ - T 7p tCRt 7p 

^^ CBr-t Br>^ ° J Br'yBr'^ — ^ Br J '^^ JBialgJ ■ 

Since JBiaig is faithful, we get IT o Trj — T . We have so proved that (T, P) is an adjunction with 
unit rj and counit e. 

3) We have 

^ToT]=Hj{^Torj)^H {J(T o Jr]) ^M H (C JBiaigT o T^^^j) 

I5e = -ffAlg^Br ^BialgC ^ -ffAlgOBr^Br ^Bialg — -H^Alg (cBr^Br ° Tbi-^) J^Bialg 
= ^AlgeBryBi>/Bialg ° ^AlgTBiC>^Bialg ^— '^l— ' eiJAlgf^Bi^/Bialg o TH^JBis,\g 

W eU o Pi/ J^ = el3o T^ 

Since ^T is a monomorphism and O is faithful, we get that rj and e are uniquely determined by 

( [TtI ) and (|7|) respectively. D 

Proposition 4.10. Let A1 and M' be braided monoidal categories. Let (P, 0o,'/'2) : ■M -^ M' be 
a braided monoidal functor. Then F induces a functor BialgP : Bialg^ — >■ Bialg^/ which acts as 
F on morphisms and which is defined, on objects, by 

BialgP (P, mB,UB,^B:£B) := {FB, mpB^UFB-, ^fb, £fb) 
where 



and 



mpB 

UpB 

Afb 

SPB 

and the following diagrams commute 



= FmB o 02 (P, B):FB®FB^ FB, 

^ Fub o </«o : 1 ^ FB, 

= (t>2^ {B, B) o PAs -.FB^FB® FB, 



<o^oFeB -.FB^l, 



F Bialg_F BialgF 

M ^ M Bialg^ ^ Bialg^, Bialg^ ^ Bialg^, 



J 



r, BrF „ „ „ , BrBialgF „ „ ', . , ' AlgF , , ' 

BrAi ^ BrA4' BrBialg^ ^ BrBialg^, Alg^ ^ Alg^, 

1) BialgP is an equivalence (resp. category isomorphism or conservative) whenever F is. 

2) // P preserves equalizers, the following diagram commutes 

BialgF 

Bialg^ ^ Bialg;^, 

p\ \p' 

M ^M' 

and 
(79) C (BialgP) = Fi 
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Proof. Let us check that the first diagram commutes. 

(BrF o J) (M) = BrF (M, cm,m) = {FM, cf)^^ (M, M) o Fcm.m o (/.2 (M, M)) 

^^ {FM,cfm,fm) = (J'oF)(M), 

where in (*) we used that F is braided. The functors BrF o J and J' o F trivially coincide on 
morphisms. We have 

(BrBialgF o Jsiaig) {B,mB,UB,l^B,£B) 
= BrBialgF(B,mB,UB, AB,eB,CB_B) 

= (FS, mpB^UFB, AFB,£FB,(f>2^ (B , B) o FCB,B ° 02 (^ , B)) 
— {FB,mFB,UFB,AFB,£FB,CFB.FB) 

Now, since 

{FB,mFB,UFB,AFB,eFB,CFB,FB) = (BrBialgi^ o JBiaig) {B,mB,UB,AB,eB) e BrBialg^, 

and cfb,fb is the braiding of FB in M' we conclude that (-F-B, mFB, ufb, Afb, efb) G Bialg^,. 
Moreover for every morphism / : {B,mB,UB, A.b,Sb) -^ {B',mB',UB',A.B',£B') in Bialg^vi, we 
have (BrBialgF o Jeiaig) (/) = (BrBialgi^) (/) — Ff so that Ff is a morphism with domain 
{FB,mFB,UFB,A.FB,£FB,CFB,FB) aiidcodomaiu {FB' ^uifb' ,ufb' , ^fb' , ^FB' , cfb' ,FB') .Thus 
Ff is a morphism in Bialg_^,. Hence Bialg_F is a well-defined functor. Note also that 

(•^Bialg ° BialgF) {B,mB,UB,AB,eB) = JBia,lg{FB,TnFB,UFB,AFB,£FB) 
= {FB,mFB,UFBiA.FB,£FB,CFB,FB) 

SO that the functors Jeiaig ° Bialgi^ and BrBialgF o Jeiaig coincide on objects. They trivially 
coincide on morphisms too so that the second diagram commutes. The third diagram commutes 
by definition of BialgF and AlgF. 

1) Assume that F preserves equalizers. By Proposition |3.6| , we have 

P' (BialgF) = H'P^,4i,ig (BialgF) = H' P{,^ (BrBialgF) Jgiaig ^^ H' (BrF) Pgr JBiaig 
" FHJP ^ FP. 
and 

^ (BialgF) = e' Jsiaig (BialgF) = C' (BrBialgF) Jeiaig ^^ (BrF) ^ Jeiaig = (BrF) C = F^. 



2) Assume that F is an equivalence. By Proposition 4.4, Jeiaig and Jgiaic, are both full and 



faithful. By Proposition 2.5, BrBialgi^ is a category equivalence. Given X and Y objects in 
Bialg^ we have 

Bialg^, ((BialgF) X, (Bialgi^) Y) - BrBialg^, {{J{,,,,^ o BialgF) X, {J{,,,,^ o Bialgi^) Y) 

= BrBialg^, ((BrBialgF o Jsiaig) X, (BrBialgF o Jeiaig) Y) = Bialg^ (X, Y) . 

The composition of these maps is the map assigning (Bialg-F) (/) to a morphism / so that 
Bialgi^ is full and faithful. In order to prove it is an equivalence, it remains to check that it 
is essentially surjective i.e. that each object {B' ,mB',UB',AB',SB') G Bialg^, is isomorphic to 
(Bialgi^) (i3,mB, Ms, As, £s) for some object {B,mB,UB,AB,£B) in Bialg^. 
Let {B',mB',UB',AB',£B') SBialg^,. Then 

{B',mB',UB',AB',£B',CB',B') = J^-^^ig {B' ,m,B' ,ub' , Ab' , £b') e BrBialg^, 

Since BrBialgi^ is essentially surjective, there exists [BjUIBtUb, Ab,£b,cb) G BrBialg^ and an 
isomorphism 

/ : (B' , rriB' , ub' , Ab' , £b' , cb' ,B') -^ (BrBialgi^) {B,mB,UB,AB,£B,CB) 

in BrBialg^,. Since 

(BrBialgi^) {B, mB,UB,AB,£B,CB) = {FB, tufb^ufb, Afb,£fb, (1^2^ (B, B) o Fcb o cj)^ {B, B)) , 
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we have 

(j>^^ {B, B) o FcB o <^2 {B, B)o{f®f) = {f®f)o CB',B' ■ 
Since / is ,in particular, a morphism in A4', by the naturality of the braiding, we get 
FcB = <i>AB,B)o{f®!)ocB'^B'o[r^®r^)o<i>-\B,B) 
= 02 (i?, B) o dp^p^ o (/ ® /) o (/-I ® /-I) o 02^1 {B, B) 
= 02 (S, B) o c'j^s^s o 02-1 (B, B) = FcB^B. 

Since F is faithful, we obtain cb — cb,b- Thus (B,mB,UB, ^b,£b,cb) G BrBialg_^ means that 
{B,mB,UB,AB,eB) G Bialg^ so that 

(BrBialgi^) {B,mB,UB,l^B,£B,CB) == (BrBialgF) {B,mB,UB, ^b,£b,cb.b) 

= (BrBialgF) JBiaig(B,m_B,u_B, Ab,£_b) = ( J^iaig o Bialgi^) {B,mB,UB,AB,£B)- 

Thus/ e BrBialg^, (j^^^^^^{B',mB',UB',AB',eB'), f Jgiaig o Bialgi^j {B,mB,UB,AB,eB)] .Since 
•^Biaig is f^ll' there is a morphism g : (B',mB>,UB',A.B',SB') — > (BialgF) {B,mB,UB, A.b,Sb) in 
such Bialg^/ that / = ^Biaig (ff) • Since Jeiaig is full and faithful, we get that g is an isomorphism 
too. Therefore BialgF is essentially surjective and hence an equivalence. 



Assume that F is a category isomorphism. By Proposition 2.5, BrBialgF is a category iso- 
morphism. Indeed the inverse is, by construction BrBialgG where G is the inverse of F. We 
have 

■^Biaig ° BialgF o BialgG = BrBialgF o Jgiaig o BialgG = BrBialgF o BrBialgG o J^.^,^ = J^.^^^ 

and hence BialgF o BialgG ~ Ideiaigw/ (as ^Biaig is faithful and trivially injective on objects). 
Similarly BialgG o BialgF — Idsiaig ^ . Hence Bial gf is a category isom orphism. 



If F is conservative, then, by Proposition 2.5 and Proposition 4.4, we have that BrBialgF o 



•^Biaig is conservative. Hence Jgiaig ° Bialgi^ is conservative. From this we get that BialgF is 
conservative. D 
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